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ANALYSIS OF CONCRETE ARCHES‘ 


PART I.—DERIVATION OF FORMULAS AND ANALYSIS OF SYMMETRICAL ARCHES 


By W. P, LINTON, Highway Bridge Engineer, and C. D. GEISLER, Associate Highway Bridge Engineer, United States Bureau of Public Roads! 


RACTICALLY all arches are designed by tenta- 
tively proportioning the structure using an 
empirical formula, or basing the design on the 

results of previous experience, and then computing the 
stresses in the tentative design and making such 
changes as seem to be desirable. This is the procedure 
followed generally in the design of framed structures, 
but in the case of arches it is a tedious and complicated 
process. In 1909 the first-named author attempted to 
systematize this procedure by developing a standard 
set of forms for tabulating the computations in such a 
way that the work is as nearly mechanical as possible 
and both the labor and the probability of error is 
greatly reduced. It has been found possible to develop 
a method whereby much of the work is the same for all 
arches and the results of this portion of the compu- 
tations can be placed on the tracings which are used for 
printing the forms. The method has been in use since 
1909, and it has been found to be satisfactory in practice. 

No attempt will be made to discuss procedure in 
determining the curve of the arch ring or its thickness 
at various points, as the method of calculation pre- 
sented here may be used in combination with any of the 
empirical or semirational formulas found in various 
textbooks. The derivation of the formulas on which 
the method is based is not greatly different from that 
found in other places. It is not necessary that these 
derivations be at hand when using the forms for arch 
design, but they are included for convenience and 
completeness. The engineer who is familiar with arch 
design can proceed at once to the explanation of the 
forms under the heading, Calculations for a Symmet- 
rical Arch. 
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Fig. 1.—Sxetcu or Axis or Arco RING To SHOW 
MEANING OF SymBoLts USED 


NOMENCLATURE 


The following is the nomenclature used in this dis- 
cussion. Figures 1, 2,3, and 4 also illustrate the mean- 
ing of many of the symbols, and in each of these figures 
the origin of coordinates is taken at the left support. 
All dimensions are in feet unless otherwise stated. 


A,=the area of the concrete in a radial section of the arch 


; ring. 
A,=the on of the steel in a radial section of the arch ring. 
AAG ge 


a=the horizontal distance from the origin to the pore of 
application of a concentrated load. a=k = when 


the span is divided into a number of equal parts, each 
equal to dz. 


ZyA 
SA 


equation for V, for unsymmetrical arches and is 
independent of the loading. 
i hens 
C=— ye (y — =) ake core, a term in the denomi- 
nator of certain equations and is independent of the 
loading. 
d’=the distance from the center of the reinforcing steel to 
the surface of the concrete. 
Di=the change in the span length due to deformation of 
the arch ring. 
Ds=the change in the length of the arch axis due to de- 
formation of the arch ring. 
Dr=the change in the relative elevation of the supports due 
to deformation of the arch ring. 
D(dx)=the change in length of dr due to deformation of the 
arch ring. 
D(ds)=the change in length of ds due to deformation of the 
arch ring. 
Deé=the change in the angle between the end tangents due 
to deformation of the arch ring. 
D(d¢?)=the change in the angle dé due to deformation of the 
arch ring. 
D(dy)=the change in length of dy due to deformation of the 
arch ring. 
E=Young’s modulus of elasticity. 
E,= Young’s modulus of elasticity for concrete. 
E,=Young’s modulus of elasticity for steel. 
e=the coefficient of expansion due to a change of tem- 


1 
B= u ZzA (y — 
0 


5) ), a term in the denominator of the 


perature. 
F=a term in the denominator of the equation for V,. 
l Zz2A : 
F=532A (<- =) for unsymmetrical arches and 
= 0 cna 


l 
F=522A—200 ZA for symmetrical arches. 
0 
f-=the stress in the concrete. 
fs=the stress in the steel. 
ie DyA : : 

G= Zz -) a term in the denominator of the 
equation for V, in unsymmetrical arches. Gis inde- 
pendent of the loading. 

H=the horizontal thrust; that is, the horizontal component 
of the thrust T. 

H,=the horizontal thrust at the left support. 
H,=the horizontal thrust at a point distant x from the left 
support. 
H .=the horizontal thrust caused by a change of temperature. 
h=the thickness of the arch ring at any point. 

I=the moment of inertia of a radial section of the arch 
ring about the axis of the arch ring. 

I,=the moment of inertia of the concrete in a radial sec- 
tion of the arch ring about the axis of the arch ring. 

I,=the moment of inertia of the reinforcing steel about the 

’ axis of the arch ring. 

o=the moment of inertia of the steel about its own axis. 

j=the distance from the axis of the arch to the center of 
the reinforcement. 

a when the span is divided into a number of equal 
parts each equal to dz. 

l=the span of the arch axis. 

M=the bending moment. 

M,=the bending moment at the left support. 

M,=the bending moment at a point a distance x from the 
left support. 

M,=the bending moment caused by a change of temperature. 

M,=V .~—=2P(«—a), a term which would be the bending 
moment if the arch were a simple beam on two sup- 


ports. When Pis unity, mz=[V .2—(z—k) Wee 





@ Reprinted from Public Roads, vol. 8, Nos. 4 and 5, June and July, 1927. 


- 1Phe method of arch analysis described in this article and the one to follow on unsymmetrical arches was developed by W. P. Linton. C. D. Geisler collaborated 


in preparing the articles for publication. 
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N=the normal component of the resultant forces acting on 
a radial section of the arch ring. 


Be 
E, > 
P=a vertical concentrated load. 


n= 


p=, the average stress on a radial section. 
r=the difference in elevation of the two supports. 
for a symmetrical arch. 
s=the length of the arch axis. 
ds=the length of one division of the arch axis. 
T =the resultant thrust on a radial section of the arch. 
t=the number of degrees of rise or fall of temperature. 
u=the eccentricity of the normal thrust N. 
V =the vertical component of the thrust T at any section. 
V,=the vertical reaction at the left support. 
V,=the vertical component of the thrust T at a point 
distant x from the left support. : 
a 


Uae 


r=0 


x=the abscissa of any point on the arch axis. 


dxz=the horizontal projection of one division of the arch axis. 

y=the ordinate of any point on the arch axis. ; 
dy=the vertical projection of one division of the arch axis. 
22 


aaa: when the span is divided into a number of equal parts 


each equal to dz. 


ds 
ad 
@=the angle between the end tangents to the arch axis 
(fig. 3) 
=the summation of all terms between the left support and 
o the concentrated load distant a from the Jeft support. 
1 
>=the summation of all terms from the concentrated load 
e to the right support. 
u 
Y=the summation of all terms from one support to the 
O other. 
1 
2=>D. When no limits are specified, it is understood that 
° the summation is to be taken from one support to 
the other. 
@=the angle which any radial section makes with the 
vertical. (See fig. 3.) 
x Mx 
: ) Hy 
i | 
a 
Vo 
Mo 
VY 


Fic. 2.—Hincetess Arcu Actep Uron By Loap P 
DERIVATION OF FORMULAS 


A hingeless arch is statically indeterminate, that is, 
the stresses in it can not be computed from the prin- 
ciples of statics alone. Let Figure 2 represent a portion 
of a hingeless arch acted upon by one or more loads P 
and held in equilibrium by the forces and moments 


shown. There are six unknown quantities H,, V,, 
M,, H:, Vz, and M,, but only three independent 
equations can be written from statics. For a single 
vertical load these equations are as follows: 


H,=H,. 
Vi=Vo= Ps 
M,=M,+V,.«—H,y—P(e-a). 


To determine the six unknown quantities, three 
additional equations must be supplied from some other 
source, and they may be derived by considering the 
elastic properties of the arch ring. 














Fie. 3.—D1acram For Use 1N DERIVATION OF FORMULAS 
FOR STRESS IN AN Exuastic ARCH 


Referring to Figure 3, let ABCD represent a very 
small portion of the arch ring, cut out by radial planes 
AB and CD. Let the length of this small segment, 
measured along its center line, be ds and let the angle 
between the planes AB and CD be d¢. Both ds and 
d@ are very small, and since the depth AB of the arch 
ring is small compared with the radius BG, the lengths 
AC and BD may be considered equal to ds without 
appreciable error in the results. 

When the arch is subjected to loads or a change of 
temperature, there will be stress and deformation in 
the element ABCD. If we consider ABCD to be 
separated from the rest of the arch ring, the internal 
stresses in it must be held in equilibrium by external 
forces, so let us assume that T is the resultant of all 
the external forces acting on the plane AB and N the 
component of 7 perpendicular to AB. There is also 
a component of T parallel to AB, but it will cause only 
shear in the arch ring, which will be small and may be 
neglected. Neglecting the component parallel to AB 
is equivalent to assuming that N is the resultant, which 
we shall do. The forces acting on the plane AB are 
of course not concentrated in JN, but are distributed 
over the plane, and we shall assume that they vary 
uniformly from the value at A to the value at B. Then 
if A is the area of the plane AB, the unit force or the 


unit internal stress acting at A will be (Ff He 
N Mh 
ee (Gass 


M, the bending moment is equal to Nu, w being the 
distance from the axis of the arch to the line of action 
of N. Mis considered positive when is positive, that 
is, when JN acts above the axis of the arch, and nega- 
tive when w is negative. 


ar)’ and 











Consider first the elasticity of only the element 
_ ABCD and assume that the arch is fixed at the point 
L and free to move at point O and that the entire ring, 
with the exception of the element ABCD, is rigid. 
The plane CD will then be fixed and the plane AB will 
move until the internal stresses in the element ABCD 
are in equilibrium with the bending moment M and 
the thrust N. The plane AB will move to some posi- 
tion as A’B’. The unit stress in the extreme fiber AC 


will be (4 ue sty) and since we can assume the length 
of this extreme fiber to be equal to the average length ds 


of the element, the distance AA’ will be -G + aah e 
Likewise the unit stress in the fiber BD will be 

4-3r) and the distance BB’ willbe 3 ct in 
which £ is the modulus of elasticity of the material 
comprising the arch ring. AA’ and BB’ are both nega- 
tive quantities because they represent decreases in 
the lengths AC and BD, respectively, and as it is 
assumed that JN is positive, minus signs must be placed 
in front of the two quantities, as shown. 

The movement of the plane AB may be considered 
as taking place in two separate stages: First, as mov- 
ing along the axis of the arch ring from E to LH’, during 
which it remains parallel to its original position; and 
second, as rotating around the point EK’, through an 
angle D(d¢) and taking the position A’B’. The dis- 
tance EE’ which the plane AB moves along the axis 
of the arch ring is called D(ds) because that is the 
change in the length of ds. Likewise, the angle through 
which it turns we call D(d¢) because that is the change 

in the angle d¢. 

When ds and d¢ increase in magnitude, D(ds) and 
~D(d¢) will be considered as positive, and when ds 
and d@ decrease in magnitude D(ds) and D(d¢) will 
be considered as negative. In the figure, the angle 
dd is decreased by the deformation; therefore the 
angle D(d¢) is negative. 





The angle D(d¢) is equal to SE, and since 
AA’ is equal to-(4 on 4 and BB’ is equal to 


N Mh 


i 4 or) the angle D(dé) is equal to 





N, Mh\ds , (N_ Mh\dsq1 
| -(4+ are A 2r JE |i’ 
which reduces eae 
Wet fore Dide)=— ee te (1) 


Now consider the effect on the point O of the rotating 
of the plane AB through the angle D(d¢). The arch 
ring is free to move at O. Since that part of the ring 
between O and E is rigid, when the plane AB turns 
through the angle D(d@) the line EO will likewise 
describe the same angle. During this rotation the 
point O will move through an arc of a circle to K. 
OK will then be equal to OE times the angle D(d¢); 
and since the angle D(d¢) is negative, OK = — OK D@¢). 
Since the angle D(d¢) is very small, we may consider 
_ that OK is a straight line and that the angle EOK is a 
right angle. From geometry, the angle FOK is equal 
to the angle PEO. 





ONS ‘EP ay 
hot, One OF <0: 
span of arch and is therefore positive.) 





(OF represents an increase in 


= ‘ie 
OF OK oR= 


Or, OF= — D(do)y 





OE D(d¢) ait 


| 4, ds 

But, Dido) = — Mary 

Therefore, OF=+ My 2 2) 

1erefore, = Y RI ---------- (2) 

Also, GE -OE- on (FK represents an upward 


movement of the arch at point O and is therefore posi- 
tive.) 





STG oP s ee 
FK=OK OF OE Dide)or 


Or, FK= — D(d¢) x 


By substitution, FK = + Me a ee ee (3) 

Now let us return and consider the effect on the 
point O of the other stage of the movement of the 
plane AB, that is, its movement along the axis of the 
arch during which it remains parallel to its original 
position. It is apparent that during this movement of 
the plane AB the change in position of the point O 
will correspond exactly with that of the point E; that 


is, point O will move a distance equal to D(ds). Now 
D (ds) is equal to 5 (AA! +BB’), or to 
If _(N, Mhyds_(N_ Mhyas 
2 c Pi EAE OIL 
: Nds 
which reduces to- FF 
Nds 
Therefore, D(ds) = AR ee es (4) 


dx and dy are the horizontal and vertical projections 
of ds, and since ¢ is equal to the angle which ds makes 
with the horizontal, dx=dscos¢, and dy =dssin ¢; 
also D(dx) =D(ds) cos ¢ and D(dy) =D(ds) sin ¢. 

By substitution, D(dx) = es cos ¢ 


and D(dy) = he sin ¢ 


A e . d 
Substituting the values of cos = and sin o=7 


iio A eae Ne tee en (5) 
DC Eee Oe tees wee. oe (6) 


Equations 5 and 6 give the horizontal and vertical 
changes in position of the point O caused by the 
thrust NV. 

We now have the changes in position of the point O 
caused by both the bending moment JJ and the thrust 
N acting on the element ABCD when the point O is 








free to move and all of the arch is rigid except the 
element ABCD. So far we have not considered what 
caused the bending moment, /, and the thrust, N, but 
in the preceding discussion it does not matter. Let us 
consider, however, that the moment and thrust were 
produced by vertical loads. Then if the element 
ABCD undergoes a change of temperature there will 
be an additional movement of the point O. Since O 
and the plane, AB, are free to move, this movement will 
be simply a change of length of ds, which we may call 
D (ds), and is equal to et(ds), in which t is the number 
of degrees of change of temperature and e is the co- 
efficient of expansion of the material comprising the 
arch ring. Thus D,(ds)=et(ds). In the same manner 
we find that: 


D (dot) = et eek * Jun ed Cees ee (7) 
and J) (dy) =ehay) 22 ee ee ee ee (8) 


We now have in equations 1 to 8, inclusive, expres- 
sions for the change in the angle d¢ and the horizontal 
and vertical displacements of point O with respect to 
point L as produced by the action of both vertical 
loads and temperature and when only the element 
ABCD is affected. 

Let D(dl) equal the horizontal movement of the 
point O with respect to L, and let an increase in span 
length be considered as positive. 

Let D(dr) equal the change in elevation of the point 
O with respect to the point L, and let an increase in 
elevation of point O be considered as positive. 


Then, D(dl) =OF + D(dx) + D,(dz) 
D (dr) = ¥K— D (dy) — D (dy) 


Or, Dd) = + My NE 4 ot Gx)... --) 
D(dr)=+ Mc $+ NOU ot(dy)._. hee ali) 


In equations 1, 9, and 10 we have expressions for the 
change in the angle d¢ and the horizontal and vertical 
displacement of point O relative to point L as produced 
by the deformation of the element ABCD. If the 
entire arch ring were elastic, we would find the total 
displacement of point O relative to point L, as caused 
by the deformation of the entire arch ring, by taking 
the sum of the movements of point O as caused by the 
deformation of all of the elements. Therefore, let 


Dé=the change in the angle @ caused by the deforma- 
tion of the entire arch ring, 

Di=the change in span length caused by the deforma- 
tion of the entire arch ring, and 

Dr=the change in the elevation of point O relative to 
point L as caused by the deformation of the 
entire arch ring. 


eee Os 
Then, Dé= —3,2 a e(Pb) 





* Throughout this article where limits are given with the summation sign such 
; ; 
as = it is intended to indicate that these limits are values of x or in this instance 
° 


z=l 
> 


2M Where no limits are given, they should be assumed as being between r=1 


and r=o. 


ee Toba. 

Dli= pry -F2zgetd = See (12) 
Eden pS nk ee dNy ter aa 

Dr= great e yy tr: ee 


in which £ is a constant and may be taken outside 


1 Here 
of the summation sign. 2dr is equal to 7, and 2dy is 

7) 0) 
equal to r. 


In the previous discussion it has been assumed that 
the arch ring is fixed at the right end and free to move 


_ at the left end, and we have derived equations 11, 12, 


and 13, which give the amount of the change in the 
inclination of the tangent to the arch axis at the free 
end and also the horizontal and vertical movements 
at that end. 

Let us now imagine a horizontal thrust, H,, a vertical 
reaction, V,, and a bending moment, M,, all applied at 
the free end and of exactly sufficient intensity to bring 
the free end of the arch ring back to its original posi- 
tion. Under these conditions Dé, Dl, and Dr will each 
be equal to zero, so we may write: 


2 Ma=0).0.4 «.-.sel (14) 
1 LN 
= MyA—2" dx + elE=0 sents e (15) 
l LN 
= MaxA +=, dy—etrE=0 nota oo (16) 


in which A is equal to ee 














Fie. 4.—ArcH Ringe Wire Unir Loap at Pornt Distant 


a@ FROM SUPPORT 
In these equations, M and N are the bending noment 
and thrust at any point in the arch ring, of which point 
x and y are the coordinates. These equations are true 
for any condition of loading, but for our present purpose 
we shall consider only a single load of unity placed a 
distance, a, from the left support (fig. 4). 














Then: 


M=M,+V«-H.y, when ae (17) 
M=M,+ V.x—H,y-—(e—a), when x>a{ ~~ 
mE COS iV SIN O.. o e o k (18) 


in which, M,, V,, and H, are, respectively, the bending 
moment, the vertical reaction, and the horizontal 
thrust at the left support. 
In the following mathematical transformations, x 
and y are the variables, while a@ remains constant. 
Therefore, M,, V,, and H, are constants because they 
depend on a and not onz or y. For that reason they 
may be taken outside of the summation signs. 
Substituting equations 17 and 18 in equations 14, 
15, and 16 we have: 





———_ |e! oe 


[M,+ We Ley 
POV SH yea = 0 
3[M,+ Vic—Haylya 


Sofie a ee NA 





-2(4 cos ¢+ V sin ¢ 


A de + el E=0 


>[M,+ Ve— A ail 


+3[M,+ Va Hye a) cn 


ae 3( 4 gos ay ieee Nay etrE=0 


These three equations may be written: 









Uj I 1 J 
M,2A+ V,27A— H,SyA— >(e—a)A=0 
0 o 0 a 


U 1 t 1 
Mi 2yA+ V .22yA— H,2zy’A—z(e—a)yA 





G08 Gy 7 Sill 2 
it Sic dx ZV A dx+etlE=0 
1 - 1 

M Se +) 27 A— HH ocryA—Ze—ajerh 


sin ¢ 


Zs 


l 1 
$3EH 28? dyt SV 





wi dy —etrE=0 


In the last two equations H and V are still inside the 
summation sign, but H=#H, and is therefore constant. 


Also, V=V,, forr<a 
=V),—1,forz>a 


Making this substitution in the three equations, we 
have: 


i t 1 1 
My SALYV, 22A—H, SyA— 2 @—a)A=0 


q 1 1 1 
Mo zyAt+ Vi 2 xyA—H, > y’A— > (a—a)yA 
0 0 0 a 


jenna ede 


/ cos @ 
a A 








°oMes 


—(V,—1) yt de + etl E=0 


1 1 U 1 
Mi Zita Vo a eA He> cyk— > @— avd 
1) oO (0) a 


4 cos , £sin¢ 
+H, > a dy+Vo= ¥ dy 


a 
+(Vj—1) 2 ae” dy—etrE=0 


These three equations may be written: 











From equation 19 


> SrA 12 
sad eee PaO ey at’ 
DA 


M,= H, SAS DAY 





7 Sy Ane _ysin¢ 





+H, | Bua = 2yA- De ae | 
== HAN —a)A+Z(e—a)yA 


- pS fae —etlE, and 


we 


M, 2 A+ V,22h—H, 2 yA 3 @-a)A=0 oe a8) 4 (19) 
M, 2 yA+V, 2 ayA—H, 3 y'a— > (w—a)yA 
—H, 2 S$ d2—V, 3°59 ae 
2 ee Gz a Git =a Oz Seer. Sia Se ecm oe (20) 
I 7 1 z Ul 
M,=xd+V,2wA—H, 2 xyA— = (x—a)ed 
H, 2? dy+ V3 ES ay 
Sane ay Gin EmeN metal Ape a ace Ore (21) 


Substituting this value of JM, in equations 20 and 21 
and collecting the terms containing H, and V,, we have: 





(Zed)? 
DA 





Jo se SY 
+2e7A+ =| dy | 


v,| - 


+H, | 2a —ZryA +z cae I 





PAGE l 
oo. Sez a)A+ 3 (@—a)rA 
a a a 


a 
~y Si ® dy + etrE=0 


These two equations may be written: 


ZyA)_, sin ¢ 
V,| zeal y— n)=2 a de | 
— H, | va(v—% > a) roy eee teas | 


= 2(e— a)a( y- )- me OF, = pea (22) 


V, | Ba 2 — za) +2 = : dy | 
ll; | 2xa(y - ae) = se ay | 


DOAN eet Oey 4 
a) z a Cy Clr eee we = (23) 








=2(e-a)A(«- 


Ae and a= ne. 


Letx=2 9 


When the span is divided into 20 equal parts each 
of length dx, /=40 


and z as a variable. 
Making these substitutions, and dividing equation 22 


We can consider dz as a constant 


2 
by dx and equation 23 by ce we have: 


V.| 522(y- )- ae 

-n[gom(o Boe 

=5> 3 (ek) a( yi) — zane | 
V, E zea( 2 - + Gye ad oq u| 


1s ZyA + 008 ? 
~ HA] da22 (us )— aap? a av | 


l2 2D ‘A 
=52(e-ba(2 -% ie + ae? ey, 











In the above equations the terms containing sin ¢ 
aud cos ¢ are those which include the effect of the axial 
or direct stress. 'To neglect them would be to neglect 
the axial stress which is sometimes done because 
it is usually a small part of the total stress. It may 
not be desirable to neglect this stress entirely, but we 
can shorten the work considerably by neglecting some 
of the terms. 





Ie. - > Sin g 2  cos¢ 
The terms oes mo. ’ day i dy; (dye 4 dy) 
1 
ae and (dx ee ey are all very small com- 


pared with the terms to which they are added, and 
probably no accuracy will be sacrificed by neglecting 
them. The data upon which all of the terms depend 
are obtained by scaling a large-scale drawing, and this 
drawing, while probably more accurate in dimensions 
than the dimensions of the arch as built is not suffi- 
ciently accurate to make the above-mentioned terms 
significant. 


Omitting the above-mentioned terms, we have: 
a= | ZyA ZyA cos ¢ 
(fm e2o aes ae 
J a2ea(y- 2! ie) H.| g>va(y-% aki = 


1 
=52(2—B)a(y— a) = 20 et Hu ee (26) 


Ls es _ ZyA 
Vegzea( 2-% i) Hygd2A( y— 2! i) 
ie DZA 

= 532-8) a( 2-2 we acs, ) 


In these two equations the coefficients of H, and V, 
contain no summations except those for the entire 
arch ring. For that reason these coefficients are inde- 
pendent of the loading and may be considered as 
constants. 

Therefore we may let: 





ets _ 2yA 
Ba 52eA(y- A) (28) 
fi 
C= gzval yO) + 3 298 8?) | ae (29) 
1 zZA 
F=522A( 2— SST. iiaieieiaieieieiiaiiaieiiaete (30) 
Wie _ 2yA 
G5 226(y- 2) ae (31) 
Then the two equations may be written: 
fe ees ee may ZyA 
VeB—H,C=53(2—2)a( y— 2) —20 4 


Meal: zzA 
V.F-H,G=52 (e—k)a(2—% + ee ap rk 
From the first of these two equations: 
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ae Vine 52 (e— k)a(y— 202) 20 et |. (82) 


















and by substitution: 


ie zzA 
g2(@— B)a( 2-22 a) + agp re 


e BG 
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_ It is more convenient to consider the effect of the 
loads and temperature separately. When the effect 
of the loads is considered without a change of tem- 
perature, ¢ in the formulas becomes zero. Then the 
effect of a change of temperature may be computed 
by making the terms which contain the effect of the 
loads equal to zero. 

Making this separation and collecting the formulas 
which are used in computing the stresses in an arch 


ring, we have: 
i YzA 
ay pe eee= 
2~ (e—k) A (. SA ) 
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Fee: 
Gore DyA 
22 @-b aly 
nat te as ate Oe) 
p_BG 
CG 
ZyA 
VB —5 z (zg—k) A (y-) 

H,= C ee Tae aad a (35) 
dele ZyA _ oe a 
Mo=Sa 9% (2 —k) A+4H, FA we ee, 

V,, forx<a 
ha Ree ate a ae ee (37) 
V,—1, forx>a 
Lodi = Ee ee eee ee (38) 
Meyers Hat pare 
M,= (39) 
M,+[V.2-(e- Die Ha f0b Le a 
Weer cogs); SIN P2222. --~--4 + (40) 
Gprle g 
t= a AN ee ae ee oy eee (41) 
C 
Bae eth A re ee a (42) 
: 2 A 
Ae Hy, (y-B)+nS ee (43) 
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f= MS 


Equations 34 to 44, inclusive, are applicable to all 
concrete arches with fixed ends, whether symmetrical 
or unsymmetrical. However, if the arch is symmetri- 
cal, some of the terms in the above equations will be- 
come zero and the equations will be simplified. 

If the arch is symmetrical, the values of A will be 
symmetrical—that is, the value of A for point 1’ will 
be the same as for point 1 and for point 2’ the same as 
for point 2, etc. The value of z for points 1 and 1’ 
combined is (1+39)=40 and for points 2 and 2’ com- 
bined it is (8+37)=40 and in the same way for all 
pairs of symmetrical points combined the value of z is 
always 40. Therefore, for symmetrical arches 2zA= 
202A. The values of y are also symmetrical and we 
have DzyA= 20 ZyA. 


These values transform equation 28 as follows: 


a! 7us ae! : 1 ZyA 
ie Ge Pe Ue 
=5 X202 Be eet! 
=] 


OSyA— 102yA=0 


Therefore, for symmetrical arches 


B=0 








1 zzA\_ 1 Loren 
F=522A( 2 = = 9 ZA 922A 
Ls il 202A 
= 5x2 2A— 3 xX 20ZA SA 
=522A— 200Z2A 


G=0 for the same reason as given for B 


Therefore, for symmetrical arches we have the 
following formulas: 


FORMULAS FOR SYMMETRICAL ARCHES 
i! _ zyA 


F= SBeA —2002A 
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52 (Cra 20 A eae eee Le ee (45) 
Ae F 
Pans Bal ye oo (si Sa Sa (46) 
H,= CG 
M,-@ 52 (2-h) A+ He 2080, Bre Ware 
V., when v@ <a 
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H,=H, 


2>k “| dx 
M,=M,+ Vee (ah) “9 Hey ------------ (49) 
iN, = 00S b+ V;, Sil bce oe 2 ee ee (50) 
Vi20 5. ee ee ee (51) 
tH 
HE 20-7 ee (52) 
DyA 
My = By (y—-QE) oe ee (53) 
N h 
fo=q + May-------------------------------- (54) 
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in some of the equations includes 


the effect of the so-called axial or rib shortening stress. 
This stress is sometimes considered separately from the 
other stresses and sometimes is neglected entirely. If 
the rise of the arch is relatively large, the axial stress 
is small and little accuracy is sacrificed by neglecting it, 
but if the arch is flat its effect is considerable and it 
should not be neglected. 

Since it is easily taken care of on the forms, there 
appears to be no good reason for neglecting it or separ- 
ating it from the rest of the stress, so it will be left in 
the formula and on the forms in its correct place, and 
the axial stress will be included in all cases. 


CALCULATIONS FOR A SYMMETRICAL ARCH 


The method of making the calculations for a sym- 
metrical arch can best be explained by working out an 
actual example, and each step will be taken up in order 
and explained in detail. All calculations are entered 
in Tables 1 to 9, forms for which can be provided on 
five sheets of letter-size paper, and these forms are 
grouped in the text as used by the authors. Numerical 
values and plus and minus signs, which are the same 
for all arches, are shown in boldface type. In actual 
practice, blank forms made by the white-print process 
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and showing column headings and other information 
common to all symmetrical arches are used. The 
formulas to be used are those developed for symmetri- 
cal arches. The formulas and forms for unsymmetrical 
arches could be used, but most arches are symmetrical, 
and the work is much reduced by using the simplified 
rather than the general formulas. 

Assume that a 60-foot arch is to be designed for a 
uniform live load of 125 pounds per square foot (con- 
centrated loads may be used without difficulty) and 
that the arch must withstand temperature stresses 
caused by a rise in temperature of 30° F. or a drop of 
40° F. The tentative proportions of the arch and its 
reinforcement are determined and half of the arch ring 
plotted on detail paper on a scale of 1 inch to 2 feet. 
The rather large scale is used because the stresses to 
be determined will depend on scaled dimensions from 
this drawing. A similar drawing on a smaller scale is 
made on letter-size paper to accompany the tables of 
calculations as illustrated in Figure 5 (sheet 1 of forms). 

After plotting one-half of the arch ring, draw the 
axis of the arch ring, which is a curve lying halfway 
between the intrados and extrados. Draw a vertical 
line through the springing line of the intrados until it 
intersects the arch axis as shown in Figure 5. This 
point is the origin of coordinates and is referred to as the 
origin, or point 0. Through the origin draw a horizontal 
line, and on this line divide the half span into 10 equal 
parts. The length of each part will be equal to dz. 
On sheet 2 (Tables 1, 2, and 3) of the forms record in 
the places indicated the values of J, dx and the rise, 
which is the vertical distance from the arch axis at the 
crown to the horizontal line drawn through the origin. 
At the center of each dx erect a perpendicular to inter- 
sect with the arch axis, and mark these intersections 
1, 2, 3, etc. In working out this example maximum 
stresses will be determined at points 0, 3, 8, and 10% 
and the abutment pressure on the foundation deter- 
mined, 

The general method of procedure is to place a load of 
unity successively at each of the points on the arch 
ring and compute coefficients which can be applied to 
the actual dead and live loads for determining moments, 
shears, and thrusts. 
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Fic. 5.—Sxeretcu or ArcH To AccOMPANY CALCULATION SHEETS 








TaBLE 1.—Computations for A 


TABLE 2.—Computations for Vo 



















































































































































































Lilo 3 4 5 6 7 8 9 10) it 12 13 14 15 16 | 17 18 
G h ; =Q | 
hs 9 L,= (j-# ) 1 = 1 
és h ns Iz 12 z ie fe 2 Ales 2 T=I.+1,| ds a=is 2-20 | (z—20)A | 2 (z—20) A | 42(z—-k)Q 23 220 Vo 
x) 2 -a) nAs I 2 . 
Ay 
0 | 2.30 | 12.167} 1.014) 1.15] 0.98 | 0.960 0.112 1.128 |—— | ——— — | ——— | —___ 
1| 1.98] 7.762} .647| .99| .82]| .672 .079 . 726 | 3.43 4.7 | |— 19 89.3 89.3 | 20,091.6| 1,522] 7,153.4 | 1.00000 
21.51 3,443) 2871 275 | 58. | .336 -.039 326 | 3.29] 10.1] |—17/— | 171.7 261.0 | 20,002.3 | 1,378} 13,917.8| .99556 
3] 1.30] 2.197] .183] .65| .48] .230 . 013 -196| 3.17] 16.2] |—15|— 243.0 504.0 | 19,741.3 | 1,250 | 20,250.0 | .98256 
AMIS 111.643) © 2187 |. ¥59| 3421 2176 - 010 147 | 3.13 | 21.3) |— 13 — 276.9 | 780.9 t 19, 237.3 | 1,138 | 24,239.4] .95748 
Sap One tassios 11s 285 | ..88.|'..144 -008 119 | 3.09 | 26.0] |—11)\— 286.0 4 1,066.9 18, 456.4} 1,042| 27,0920] .91861 
GyewOsaieta168)) 2006.) 62 | 285 | ..199 . 007 103 | 3.05} 296||— 9|— 266.4 1,333.3 | 17, 389.5 962 | 28,475.2| .86551 
Valia02n ee t06is\e0 2088), «bl |) 434). o116 . 007 .095 | 3.02] 31.8] |— 7\— 222.6 | 1,555.9 | 16,056. 2 898 | 28, 556.4 | .79915 
SHCaO2e My IsOGIee. 088i) 51 | 4.34) 116 . 007 .095 | 3.01 | 31.7] |— 5\— 158.5 1,714.4 | 14, 500.3 850 | 26,945.0| . 72171 
9} 1.00] 1.000) .083] .50] .33] .109 . 006 .089 | 3.00} 33.7} |/— 3|— 101.1 + 1,815.5 | 12, 785.9 818 | 27,566.4 | . 63638 
10/ 1.00} 1.000} .083/ .50| .33] .109 - 006 089 | 3.00} 33.7|)'— 1\— _— 338.7 1,849.2 | 10,9704 | 802] 27,027.4 |. 54602 
Z4ZA=| 238.8 —_ 1,849.2 |+ 10, 970.4 D22A=! 231, 293.2 
TaBLe 3.—Computations for H, Span=/=60.00 ft. 
Rise =7.22 ft. 
19 20 21 22 23 24 25 26 oy) 28 29 30 l 0 
2 THB as Si) 
<= ea 20 
B ZyA ZyA zZQ= 1 | 
| a 
zr] A A Se A (9 aati ue —2vA cee cae! 
gl oy y ZA 2a )/ba(y—2us)| Be-we ya(y—U)| coss | S| i j de =1.50 
Quy a 
aie, SyA 
2) Oe ged | aaa 0. 838 HUE w= 5.85585 
1) 0.88} 47 4,136 |— 4.976 |— 23.387 |+ —- 23, 352 0.000 |— 20.581 | .874| 0.441 | 0.000 |~ 
2 2. 32 10.1 23. 432 |— 3.536 |— 35. 714 |+- 59. 066 |— 23, 352 |— 82. 856 . 911 . 603 -F . 062 1 
feeroaieeonol i 16.2 56, 862 |— 2.346 |— 38.005 | 97.071 |— 82.418 |— 183.398] .946| .728 . 219 F=—>22A—200 5A=20,091.6 
4} 448) 21.3] 95.426 |— 1.376 |— 29.309 |+ + 126.380 |—_-179.489 |—_—-131.304| .948 | . 804 .478 a Dis a ig 
| 5] 5.29| 26.0| 137.540/—0.566/— 14.716|+ 141.096 |—  305.869|— 77.848] .971 | .883 | .815 
6] 5.93] 29.6) 175.528 |+ 0.074 |+ 2.190 |+ 138.906|— 446.965 + 12.987] .984] .938 | 1.191 ; RK 
7| 6.48| 31.8) 206.064 |+ 0.624 |+ 19.843 |+ 119.063 |— 585.871 |+ 128.583] .993] .974 | 1.561 C= A SyA _ yA 
8| 6.85} 31.7] 217.145 |+0.994/+ 31.510 |+ 87.553 |— 704.934 |+ 215.844] .996| .976 | 1.878 Saf ae ED 
9} 7.10| 33.7| 239.270 |+ 1.244 |+ 41.923 |+ 45.630 /— 792.487 |+ 297.653 | 1.000] 1.000 + 2.111 ° 
10/ 7.21 | 33.7) 242.977 |+ 1.354 |+ —_45. 630 0.000 |— 838.117 |-+ 328.992 | 1.000 | 1.000 | 2.232 cos. ¢ 
$ZyA=| 1, 398. 378 0. 000 838. 117 42= |+ 538.072 | $2=| 8.347 +2 A =375.409 
1! t 
=> (z—k)(z—20)A —32(e—Wa(y-E H 20 tH _34560;¢_ +2,762 -. ,_ +30 
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ie alee DyA 
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Table 1.—Computations for A.—Scale accurately the 
thickness of the arch ring / at each point and set down 
the result in column 2. Columns 3 to 9, inclusive, are 
used in finding the moments of inertia of the sections 
of the arch ring at the various points. J=J,+J,, in 
which J is the total moment of inertia of the section 
about the axis of the arch, J, the moment of inertia of 
the concrete, and J, the moment of inertia of the steel. 


It is convenient to consider a strip of the arch ring 1 foot 
3 


12% 
3 
or, since b=1, I=") which is tabulated in column 4. 


I,=I,+-A,j? in which J, is the moment of inertia of 
the steel about the axis of the arch, J, is the moment of 
inertia of the steel about its own axis, A, is the area of 
the steel, and 7 is the distance from the axis of the arch 
to the axis of the steel. Since the strength of steel is 
equivalent to 7 times that of the same area of concrete, 
and all of the dimensions are in feet, A, in the above 
formula must be taken as equal to n times the total 
area of steel in square inches divided by 144. 


ike. 
j= —4 


in width and scale all dimensions in feet, then [c¢= 


n= E,' 


in which d’ is the distance from the surface of the con- 


crete to the center of the steel. J, is so small that it 
may be neglected. 

Having computed J for each section and having the 
results tabulated in column 9, next scale ds for each 
section along the axis of the arch ring. The values of 
A are then computed. This should be carefully done 
because there is no check on the work and the accuracy 
of all of the rest of the columns will depend on the 
accuracy of column 11. 

Special method of computation for terms involving 


1 (cen ee Colin 12 (also 16 and 32) is the same for 


all arches and is already filled out on the printed form. 
In preparing the forms the values of z for the different 


Te 
2 
By inspection of Figure 1 it is evident that the value 
of z for point 1 is 1, for point 2 it is 3, for point 10 it 
is 19, etc. 

The numerators of the formulas for V, and H, and 
one term of the formula for M, contain a term which 
may be written in the form, 


points have been determined from the formula x= z 


ne 
9 2(z-k) Q 


10 








In each of these formulas Q has a different value, but 
the method of procedure in arriving at the value of the 
above expresssion is the same in each case and the term 
Q is used in order that a single explanation may serve 
for three cases. 

In the formula for V,, Q= (2-20) A 


xz yA 
In the formula for H,, Q=A (y— alts ) 


ZA 
In the formula for M,, Q=A. 

In each case Q depends solely on the properties of 
the arch and has the values Q,, Q2, etc., for the points 
along the arch ring. 

We will consider first the formula for 1M, because we 
have there the values of Q=A for the entire arch ring 
while in the other two cases we have the values of Q 
for only one-half of the arch ring. Column 35 of Table 
4 is copied from column 11 of Table 1. Table 4, A, 
has been inserted to show the manner in which the 
values in columns 36 and 37 are secured. This table 
and Table 4, B, are not part of the forms and are in- 
serted for purposes of explanation only. Column 36 
of Table 4, A, shows that 2Q for any point is the 
sum of values of Q for all points to the right of the 
point considered and is a matter of successive addition 
starting at the bottom of the column. 

To understand the derivation of column 37 in Tables 
4 and 4, A, it is necessary to study Table 4, B. In this 
table it is considered that a unit load is successively 
placed at each point and in each case the value of 


l 
E510 determined for each point to the right of 
a 


the load. Values are not determined to the left of the 
load since the formula requires the values only where 
zis greater thank. At the point of load application zis 
equal to k and the expression becomes zero. The deter- 
minations of z and k for Table 4, B, are obvious from 


1 
an examination of Figure 1. The value of 52 (z-—k)Q 
for a unit load at any point is the sum of the column 
1 P é F 
headed 5 (¢—k) @ and bearing the proper point designa- 


tion. An inspection will show that the totals of these 
columns are the same as the quantities obtained in 
column 37 of Table 4, A, by the simple process of 
successive addition. 

Table 2.—Computations for V,.—We can now return 
to Table 2 of the forms and compute the values of V, 
from the formula 


ie oe 
227A —200ZA 


In this formula Q, as used in the preceding explanation 
is equal to(2—20)A. The values of (z—20) are the same 
for all arches when the arch ring is divided into 20 parts 
so they are permanently printed in column 12 of the 
forms. The values of (2—20)A are computed by multi- 
plying each term in column 11 by the corresponding 
term in column 12 and the results written in column 13. 
If Table 2 were made out for the entire arch ring the 
computation of columns 14 and 15 would be exactly as 
explained for columns 36 and 37 in Table 4, A, but due 
to the symmetry of the arch ring it is necessary to use 
only the points on one side of the crown. 

The values of A are symmetrical. That is the value 
of Ay) is the same as A;, etc. The values of (z—20) 
on the right-hand side of the arch are numerically the 





1 
42(z—k)(z—20)A 
4 


same as those on the left but with the opposite algebraic 
sign. Therefore the values of Q=(z2—20)A on the right- 
hand half of the arch are the same numerically as those 
on the left but of opposite algebraic sign. Referring to 
Table 4, A, we see that the quantity in column 36 
for point 10 is (Qx+Qi. - - + Qu) which is equal 
to—(Q:+Q, - - + Qo). Therefore we find the sum 
of column 13 and write it opposite point 10 in column 
14 but with opposite algebraic sign. We then continue 
the process of successive addition to the top of the 
column as previously explained. 








A Fruuep-SpANDREL ARCH OF THE TyrE ILLUSTRATED BY 
THE HXAMPLE 


Referring to Table 4, A, we see that the quantity in 
column 37 opposite point 10 which corresponds to the 
bottom figure in column 15 of Table 2 is (10Q2)+9Qio 
- » + Q1,) and this is equal to the sum of column 14, 
Therefore we find the sum of column 14 and write it in 
the bottom space of column 15. Next we add the figure 
in column 14 opposite point 9 and set down the result 
in column 15 opposite point 9 and continue the process 
of successive addition to the top of the column. Exam- 


ination of column 37 of Table 4, A, and column 14 of 


Table 2 will demonstrate the correctness of this pro- 
cedure. As a partial check on the numerical work it 
should be noted that the top figure of column 14 
is numerically the same as the top figure of col- 
umn 13. Column 15 now contains the values of 


52(2-¥) (zg—20)A for a unit load placed successively 


at each point on the left half of the arch ring. 
The denominator of the equation for V,; that is, 


F = 522A — 20024, is independent of the loading and | 


is easily computed. The values of 2’ are permanently 
printed in column 16 of the forms and for convenience 
the symmetrical values are combined; that is, for points 
1 and 20, 2?=(1?+39?)=1522. For points 2 and 19 
combined, 2? = (3?+ 377) = 1378, etc. 


Column 17 is computed by multiplying each term . 


in column 16 by the corresponding values of A in column 
11. The sum of column 17 is equal to 22?A and the 
sum of column 11 is equal to SEA. The value of F 
is then computed and entered on the form. As a 
check on the numerical work it should be noted that 
the top figure of column 15 is equal to the value of F. 
V, can now be computed and tabulated in column 18 


by dividing each term in column 15 by F or, since it is: 


easier to multiply than to divide on most calculating 
machines, it will be quicker to find the reciprocal of F 
and multiply. 


11 
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TABLE 4, A.—Supplementary table to explain method of computing 32(e—k) Q 
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36 37 
1 
Points =Q 2(z—-k)Q 
a a 
1 | 19 Q2+18 Qis 
2 18 Q2+17 Qis 
3 17 Qu+16 Qis 
4 16 Qo0+15 Qi 
5 15 Qa+14 Qis 
6 14 Qun+13 Qis 
if 13 Qr+12 Qi 
8 12 Q2+11 Qi9 
9 11 Qu+10 Qi 
10 10 Qa+ 9 Qis 
11 9 Qa+ 8 Qi 
12 8 Qu+ 7 Qi 
13 7 Qu+ 6 Qio 
14 6 Qu+ 5 Qis 
15 5 Qu+ 4 Qis -. . +2 Qu-+ 
16 4 Qut+ 3 Qin... +2 Qist+ Qi 
7 3 Qo+ 2 Qist Qis 
18 2Q0+ Qo 
19 Q2 
20 0 
5 ae ee 
TaBLe 4, B.—Supplementary table to explain the method of computing az(z—k)Q 
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9|17 0/0/ 0 Q| 4/2] 2Q5|} 6/3] 3Q.| 8) 4) 4Q 5 | 5 Qs 6} 6 Qs, 7! 7Q | 8 Qs 
10 | 19 alee Qu 2Q10 | 6/3] 3Q0} 8) 4) 4Q0/ 10) 5] 5Q10 6 | 6Qi0 7} 7Qho | 8 |. 8Qio | 9Qi0 
11 | 21 1 Qu} 4/2) 2Qn 3Qun | 8/4) 4Qn] 10/5] 5Qn | 12)6) 6Qn 7| 7Qun 8} 8Qu : 9| 9Qn 10Q1 
12 | 2 2!) 2Q2/ 6/3] 3Q2 4Q2/10)5)| 5Q2/12|}6); 6Q2|14)7) 7Q:2 8) 8Qn 9) 9Qi2 10 | 10Qi2 11Q12 
13 | 25 3 | 3Q3/ 8/4) 4Q13 5Qi3 | 12} 6 | 6Q:3 | 14/7) 7Q13| 16 | 8] 8Q:3 9) 9Q:3 10 | 10Qi3 11 | 11Q;3 | 12Q13 
14 | 27° 4} 4Q4/10/)5| 5Qu 6Qu | 14/7)| 7Qu4) 16) 8) 8Q4) 18) 9) 9Qu 10 | 10Qi4 11 | 11Qi4 | 12 | 12Q14 13Qi4 
15 | 29 5 | 5Q15|12|)6)} 6Qi5 7Qi5 | 16 | 8 | 8Qis | 18 | 9 | 9Qis | 20 |10 | 10Qis | 11 | 11Qis5 12 | 12Q15 13 | 13Q15 14Qi5 
16 | 31 6 | 6Q1 | 14) 7] 7Qi 8Qic | 18 | 9 | 9Qi6 | 20 110 | 10Qi6 | 22 |11 | 11Qi6 | 12 | 12Qi6 | 13: | 13 Qi6 14 | 14Qi6 15Q16 
17 | 33 7) 7Qi7| 16} 8} 8Qi7 9Qi7 | 20 |10 | 10Qiz7 | 22 |11 | 11Qi7 | 24 112 | 12Qy7 13 | 13Qu7 | 14 | 14Qi7 15 | 15Qu7 16Q17 
18 | 35 8} 8Qis| 18 | 9] 9Qis 10Qis | 22 |11 | 11Qig | 24 [12 | 12Qis | 26 |13 | 13Qis 14 14Qis | 15 | 15Qis | ¢ 16 | 16Qis 17Qis 
19 | 37 9 |} 9Qio | 20 10 | 10Qi9 11Qi9 | 24 |12 | 12Qio | 26 |13 | 13Qi9 | 28 14 | 14Qio | 15 | 15Qr9 | 16 | 16Qi9 | 17 | 17Qi9 18Q19 
20 | 39 10 | 10Q20 | 22 |11 | 11Q20 12Q20 | 26 |13 | 183Q20} 28 {14 | 14Q20 | 30 |15 | 18 Qo0 16 | 16Q20 17 | 17Q20 18 | 18Q20 19 Qo 
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Table 38—Computations for H,—T able 3 is used in 


computing H, from the formula 


& 
l ey 

5 > (2 -h)4(y—-Ea 

H = $ Tey 
@ C ES 


ne 
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In this formula the denominator C is equal to 
cos ¢ 


ie DyAN 

LO yA (y aA )+ o 5 
and is independent of the loading. The numerator 
depends on the position of the unit load and is computed 
in a way similar to that used for the formula for V,. 
Values of y are scaled from the drawing‘and tabulated 
in column 20. For convenience the values of A are 
copied in column 21. The values of yA are found by 


: : buena 
multiplying, and then the value of at may be found 


by dividing the sum of column 22 by the sum of column 
11. Column 23 is computed by subtracting the con- 


ZyA 
stant value of i from each value of y. Then column 


24 may be computed by multiplying each term in col- 
umn 23 by the corresponding value of A. The sum of 
column 24 should be zero. If it is not it is due to some 
inaccuracy which should be found before going further. 
The error will be in column 21, 22, 23, or 24. Of course 
allowance should be made for the fact that decimal 


Ue and that 


ZA 
inaccuracy is carried into columns 24 and 25. For that 
reason the sum of column 24 will usually not check 
exactly, but it is not difficult to determine if the 
inaccuracy is from that cause or a mistake. 

Columns 25 and 26 are computed from column 24 
in exactly the same manner as columns 14 and 15 were 
computed from column 13. 

The bottom figure in column 25 is equal to the sum 
of the figures of column 24 for the right-hand half of 
the arch, which are not shown, but they are the same 
as the figures which are shown and their sum is also 
zero. To this zero we add the last figure shown in 
column 24 and write the result in the next space above 
in column 25 and continue the process of successive 
addition to the top of the column. The top figure of 
column 25 should be approximately equal numerically 
to the top figure of column 24. 

The bottom figure in column 26 is the sum of the 
figures in the half of column 25 which is not shown plus 
the figure opposite point 10, but since the latter figure 
is always zero it makes no difference in thesum. ‘This 
sum is equal to minus the sum of the figures shown. 
This may be understood from consideration of Table 
4, A. Thus we find the sum of the figures shown in 
column 25 and write it in the bottom space of column 
26. Then we add to it the figure opposite point 9 in 
column 25 and continue the process of successive addi- 
tion to the top of the column, observing the correct 
algebraic sign. Then all of the figures in column 26 
will be negative and the top figure will be zero. 

The denominator of the equation for H, that.is 


psi _ yA COs 
C= 3, 298 (9 )+2 7 


places were dropped in the value of 





ZA 


is independent of the loading and is computed in col- 
umns 27, 28, and 29 as indicated by the headings of the 
columns. Cos ¢ is tabulated in column 28. It might 


be computed from the formula cos ¢= oe but since cos ¢ 


varies so little for small angles it will be found more 
accurate to compute sin ¢@ from dimensions scaled on 
the drawing and then find the corresponding values of 
cos ¢ in a table of trigonometric functions. 

Column 29 is computed by dividing each term in 
column 28 by the area A. Since a strip of the arch ring 
1 foot wide is being considered, A is equal to A plus n 
times the area of steel in square feet. Since the area 
of steel in square feet is small and the effect of cos ¢ is 
relatively small, it is sufficiently accurate to assume, 
for this purpose, that A is equal to h. C, the denomi- 
nator of the equation for H,, is found by dividing the 
sum of column 27 by 1% dx and adding twice the sum 
of column 29. The value of C should be set down in 
the space provided on the same sheet with Table 3. 
H, may now be computed for a load of unity at each 
point by dividing each term of column 26 by C and the 
results are tabulated in column 30. Note that the 
algebraic sign is changed because the formula for A, 
is preceded by a minus sign. 

Table 4.—Computation for M,—M, is computed in 
Table 4 from the formula 


ZyA 
za 


dz eA 


U 
Mies — 20 3 VotsaXg = @—k) A 


The values of z are permanently printed in column 
32. ‘The values of H,, V, and A have been previously 
found and for convenience are copied in columns 33, 
34, and 35. The values of H, and A are symmetrical 
so the values found for the left-hand half of the arch 
ring may be copied for the right-hand half. The values 
of V, for the right half of the arch may be found by 
subtracting each value for the left half from unity. 

Column 36 is computed by summing up column 35, 
starting with zero in the bottom space for point 1’. 
Column 37 is computed by summing up column 36 in 
the same way starting with zero at the bottom opposite 
point 1’ as previously explained. Point 1’ for sym- 
metrical arches is the same as point 20 used in the 
explanation. Column 38 is computed by multiplying 


each term in column 37 by a Column 39 is computed ~ 
by multiplying each value of H, by ee - Column 40 


is computed by multiplying each value of V, by —20 cee 5 


The sum of column 39 should equal the sum of column. 


ByA 
ZA 
should equal —100 dz. M, in column 41 is computed 
by taking the algebraic sum of the corresponding terms 
in columns 38, 39, and 40. The algebraic sum of 


column 41 should equal the algebraic sum of columns 
38, 39, and 40. 


33 multiplied by and the sum of column 40 
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Sita 182} 38 34 35 36 37 al a 40 41 
2 dx 1! DyA dx 
Point H Vv ee BO ely tee irae Sl Me=zayg2@—-DA+ HGR 205 V0 
oints) 2 : A ZA |52(2—WA| 5 xCol. 37 Sx ey Ve um a 
Ht 
0 ane ——_— | —— — | | | 4 aki oe dit ~ 
1 | 1] 0.000 | 1.0000 4.7 | 472.9 | 4,537.2 | 28.500 | 0.000 |— 30.000 |— 1.500. | 5A 0002814 «| — 205° = — 30.0 
2 Els 062 | .99556 | 10.1 | 4628 | 4.0643 | 25.529 | .363 — 29.867 |— 3.975 
30<5 219 | .98256 | 16.2 | 446.6 | 3,601.5 | 22622 | 1.282 — 29.477|— 5.573 
41°97 478 | 195748 | 21.3 | 495.3 | 3,1549 | 19.817 2.799 |— 28.724 |— 6.108 
5 | 9 815 | .91861 | 26.0 | 399.3 | 2729.6 |. 17.146 4.72 j= 27.558 |— 5.640! For check: 
6 | 11 | 1.191 | .86551 | 29.6 | 369.7 | 23303 | 14.637 6.974 — 25.965 |— 4.354 KS 
7 | 13 | 1.561 | .79915 | 31.8 | 337.9 | 1,960.6 | 12.315 9.141 |— 93.974 |— 2.518 
8} 15 |) 1 878 | 72171 | 31-7 | 306.2 ) 1,6227 | 10.193 | 10.997 [21-601 z 0. 461 SyA 
2.111 | .63638 | 33.7 | 2725 | 1,316.5 8.269 | 12.362 19.091 |+ 1.540 ya 2192 -92__ yA) 2¢ 
10 19 2. 232 .54602 , 33.7 | 238.8 | 1,044.0 6.558 ; 13.070 |— 16.381 |+ 3.247 DA 2Col. 33= 123.523 =2Col. 39. 
lo | 21 | 2.232 - 45308 | 33.7 | 205.1 805. 2 5.058 | 13.070 |— 13.619 + 4. 509 de 
2.111 | -.36362 | 33.7 | 171.4 600. 1 3.769 | 12.362 |— 10.909 |+ 5.222 
8 | 25 | 1.878 | 127899 | 31.7 | 139.7 498.7 | 2.693 | 10.997 — 8.349|+ 5.341 — 205 2Col. 34= —300.0=ZCol. 40. 
7 | 27 | 1.561 | 20085 | 31.8 | 107.9 289. 0 1, 815 9.141 |— 6.026 |+ 4.930 
iy 29 | 1191 | .1349 | 29.6 | 78.3 181.1 1. 137 6.974 |— 4.035 "8 4.076 
815 | .08139 | 260 | 52.3 102. 8 646 4.772 |— 2.442 |+ 2.976 >) > ‘ ayy 
4 | 33 .A73 | 04252 | 21.3 | 31.0 50. 5 1317 2.799 |— 1.276 |+ 1.840 2Col, 38-+=Col. 89+ 2Col. 40= + 4.693 
3’ | 35 -219 | .01744 | 162 | 148 19.5 122 1.282 — .593|+ 881 =ZCol. 41. 
2 | 37 062 | .00444 | 10.1 4.7 4.7 030 363 I 1138 |+ . 260 
ry 39 | 0.000 | 0.0000 4.7 0.0 0.0 0. 000 0. 000 0.000 | 0. 000 
40 eS ee as 
21.094 | 10.0000 181.173 | 123.520 |— 300.000 |+ 4. 693 




















Tables 5, 6, and 7.—Computation of bending moments 
at points 8, 8, and 10144.—We now have the values of 
H,, V,, and M, for a load of unity placed at any point 
on the arch. It must now be decided at which other 
points the stresses are desired. Usually three other 
points are sufficient, and they should be selected with 
care in order to get the critical points. One should be 
at or near the crown, one near the haunch, and probably 
the best place for the third is between the haunch and 
the left abutment. Points 3 and 8 are chosen because 
they are near changes in the reinforcement; and point 
10%, being the crown, is also chosen. 


Columns 46 to 50, inclusive, are used in finding the 
moment at point 3, from the formula M,= M,— H,y+ms. 


In computing the moment at any particular point, 


TABLE 5.—Computations for M3 


TABLE 6.—Computations for Mx 


z and y are constant, while k varies with the position of 
the unit load. We now desire the moment at a partic- 
ular point caused by a load at each point. For point 
3 the value of 2 is 5 and the value of y can be found in 
column 20. These figures should be set down in the 
spaces indicated in the heading for columns 46 to 50. 
For convenience H,, V,, and M, are copied in columns 
43, 44, and 45. The values of m, are computed from 


the formula m,= | V,2—(2- t) | = where k is less than z, 


and from the formula m,= V,2z a where & is greater 


than z. Column 46 is computed by multiplying the 
values of V, by z (2=5 for point 3). It is only neces- 
sary to fill out column 46 for a load at those points where 


TABLE 7.—Computations for Myo} 






































































































































42 43 44 45 46 | 47 | 48 | 49 | 50 51 | oz | 53 54 55 56 57 58 | 59 60 | 
| | | | 
Point 3, 23=5; y3=3.51 Point 8, z23=15; ys=6.85 Point 101%, 7101/2=20; y10 12=7.21 | 
2) i Vo Mo ; % ; | : 
3 Voz3’ Gon m3 | —Hoys| Ms Voz8 as | ms | —Hoys | Me Voz10 172 paar moi |—Hoyior) Mio 1 
pa oat —S z | fs 
0 ae keh pes. | ae. Ene £95 | ss 
1 0. 000 1.00000 —1.500 | | 5.000 | 1.0000 1. 500 0. 000 0. 000 15.000 | 1. 0000 1. 500 0. 000 0. 000 20. 000 1.000 1. 500 0. 000 0.000 | 
2 . 062 99556 |—3. 975 4.978 | 2.978 4.467 |—_—-. 218 |+ . 274 14. 933 | 2.933 4.400 |—  . 425 . 000 19. 911 2.911 4.367 \— .447 |— .055 | 
3 29) . 98256 |—5. 573 7.369 |— .769 |+1. 027 14. 738 | 4.738 7.107 |— 1.500 |+ .034 19. 651 4. 651 6.976 |— 1.579 |— .176 
4 . 478 . 95748 |—6. 108 7.181 |— 1.678 |— .605 14. 362 | 6.362 9.543 |— 3.274 |+ .161 19. 150 6. 150 9.225 |— 3.446 |— .329 | 
5 . 815 . 91861 |—5. 640 6.890 |— 2.861 |—1. 611 13.779 | 7.779 | 11.669 |— 5.583 |+ .446 18. 372 7.3872 11.058 |— 5.876 |— . 458 | 
6 1.191 . 86551 |—4. 354 6.491 |— 4.180 |—2. 043 12.983 | 8.983 13.475 |— 8.158 |+ .963 17.310 8.310 12.465 |— 8.587 |— _ .476 | 
7 1. 561 . 79915 |—2. 518 5.994 5.479 |—2. 003 11.987 | 9.987 | 14.981 —10.693 |+1.770 | 15. 983 8. 983 13.475 |— 11.255 |— . 298 | 
8 1. 878 . 72171 }—0. 461 5.413 |— 6.592 |—1. 640 | 16.238 |—12. 864 |+2.913 | 14. 434 9, 434 14,151 |— 13.540 |+ .150 | 
9 2411 . 63638 |-++-1. 540 4.773 |— 7.409 |—1.096 | 14.319 |—14. 460 |+-1.399 | 12. 728 9. 728 14.592 |— 15.220 |+ .912 | 
10 2. 232 . 54602 |+3. 247 4.095 |— 7.834 |— .492 | 12,285 |—15. 289 |+- . 243 | 10. 920 9, 920 14,880 |— 16.093 |+ 2.034 
. | 
10’ 2. 232 . 45398 |-+4. 509 / 3.405 |— 7.834 |-+ .080 10.215 |—15. 289 |— . 565 | 13.619 |— 16.093 |+ 2.035 
9 2.111 . 36362 |-+5. 222. | 2.727 |— 7.409 |-++ .540 8.181 |—14. 460 |—1. 057, 10. 909 j= 15.220 |+ .911 | 
8’ 1.878 . 27829 |+5.341 | 2.087 |— 6.592 |+ . 836 6. 262 |—12. 864 |—1. 261 | 8.349 |— 13.540 |+ .150 
“Ue 1. 561 . 20085 |-+4. 930 | 1.506 |— 5.479 |+ .957 4.519 |—10.693 |—1. 244 6.025 |— 11.255 |— .300 
6/ 1.191 . 13449 |+4.076 | 1.009 |— 4.180 |+ .905 | 3.026 |— 8.158 |—1. 056 | 4.035 |— 8.587 |— .476 
5’ | .815 | .08139 |+2.976 610 |— 2.861 |+ .725 1.831 |— 5.583 |— .776 2.442 |— 5.876 |— . 458 | 
4’ 478 - 04252 |-+1. 840 .319 |— 1.678 |+ .481 .957 |— 3.274 |— .477 1.276 |— 3.446 |— .330 | 
3’ 219 . 01744 |+ . 881 1381 |— .769 |+ . 248 . 392 |— 1.500 |— .227 .523 |— 1.579 |— .175 | 
ea 062 . 00444 |+ . 260 .0383 |— .218 |+ .075 | .100 j= .425 |— .065 «133 |— 447 |— 054 } 
V 0. 000 0. 00000 0. 000 0. 000 0. 000 0. 000 0. 000 0. 000 0. 000 0. 000 0. 000 0. 000 0. 000 | 0. 000 0. 000 0.000 0.000 0. Sy | 
2 —— ae Te Dee 
| 21. 094 | 10. 00000 \+4. 693 66, 000 |—74. 040 |—3. 347 ai. 000 |—144. 492|-F1. 201 | | 150. 000 -=152. 086 |-F 2. 607 | 
For check: 
M,=M,+m,—H oy 2 Col. 45+2 Col. 48+2 Col .49=2 Col. 50. 
2>k | dz z Col. 45+2 Col. 58+2 Col. 54=25 Col. 55. 


mnNrz= 


Vozz— (22—k) Hy 


Y Col. 45+ 2 Col. 58+2 Col. 59=2 Col. 60. 
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kis less than z. Column 47 is computed by subtracting 
(z—k) from the figures in column 46. The values of 
m, may now be computed for a load at those points 
where k is less than z by multiplying the figures in 


column 47 by = and for the remaining points by 


multiplying the values of V, by = . 

The value of —H,y in column 49 is computed by 
multiplying each value of H, by —y as given in the 
heading. The bending moment M;= M,+m;— Hy is 
now computed by adding algebraically the correspond- 
ing values of columns 45, 48, and 49 and the results 
tabulated in column 50. The bending moments at 
the two other points are computed in the same way, us- 
ing columns 51 to 60, inclusive. We now have in the 
tabulation which includes Tables 5, 6, and 7 (sheet 4 
of assembly of data) the vertical shear, the horizontal 
thrust, and the bending moment at point 0 and the 
bending moment at three other points caused by a load 
of unity at each of the points of the arch ring. 

Table 8.—Computations for the dead-load moments, 
thrust, and shears—The values of H,, V,, M, and the 
unit-load bending moments at the points 3, 8, and 10144 
are copied in columns 62 to 67 of Table 8. The dead 
load which is applied at each point is then computed 
and tabulated in column 68. This may be conveniently 
tabulated in a supplementary table as follows: The 
dead load at any point is equal to 150hds+110dzx h,, 
in which the weight of the concrete is assumed to be 150 
pounds per cubic foot and the weight of the earth fill 
110 pounds per cubic foot. Values of h and ds are 
found in columns 2 and 10, respectively, of Table 1, 
and h; is the depth of the fill above the arch ring and 
dx for this arch is 3 feet. 


Computation of dead load 











Point hds | 150hds| hy | 330h, | Dead 
Pounds 
6.79| 1,020) 6.00] 1,980 
4, 96 744| 4.80/ 1,585| 2,320 
4.11 616 3. 82 1, 260 1, 876 
3. 60 553 | 3.00 990) 1,543 
3,40 510 | 2.25 742 | 1,252 
3, 20 480} 1.70 560 | 1, 040 
3.08 462| 1.20 306 858 
3. 04 456 ‘00 207 753 
3.00 450 70 232 682 
3.00 450 ‘67 220 670 

















Column 69 to 74, inclusive, are computed by multi- 
plying the dead load in column 68 by the proper figure 
from columns 62 to 67, inclusive. The algebraic sums 
of columns 69, 70, and 71 are the horizontal thrust, 
vertical shear, and bending moment, respectively, at 
point 0 resulting from the dead load. The algebraic 
sums of columns 72, 73, and 74 are the dead-load 
bending moments at points 3, 8, and 10%. 

Table 9—Computation of stresses—Column 75° in 
Table 9 is now to be filled out. The values of cos 
for each point desired are taken from column 28. The 
values of sin ¢ may be found by scaling the drawing. 
Since the stresses are desired in pounds per square inch, 
and all previous dimensions have been in feet, the area in 
column 75 should be 144 times h (taken from column 2) 
plus n times the area of steel in square inches. The 


values of A are computed from columns 2 and 9 and 


this result should be divided by 144 to get results in 
pounds per square inch. The values of M, H, and V 
for the dead load are taken from the sums of columns 
69 to 74, inclusive, and set down in the proper places in 


TABLE 8.—Computations of H, V, and M for dead load 







































































| 61 62 | 63 64 | 65 66 67 68 69 70 | ey 72 73 74 
| bed : { 2 | | 
| 
| | Unit loads Dead load 
Point| ———_-—_———__- SS DL - ——— 
| Zi. Vo M, M3 : Ms M94 | fey Vo M, M3 Ms M403 
| ame 3 = “= | 
1| 0 | 1.00000 |— 1.500 0 0 | 3,000 0} 3,000 |— 4,500 0 0 0 
2 . 062 .99556 |— 3.975 |+ .274|4+ .000 |— .055 2, 330 144 2,320 |— 9, 262 |+- 638 0|i— = 128 
3 . 219 . 98256 |— 5.573 |+ 1.027 |+ .034 |— .176 1, 880 412 1,847 |— 10,477 |+ 1,931 |+ 64 |— = 331 
4 .478 .95748 |— 6.108 |— .605/+ .161|/— .329 1, 540 736 1,475 |— 9,406 |— 932 |+ 248 |— 507 
5 . 815 .91861 |— 5.640 |— 1.611 |4+ .446|—  .458 1, 250 1, 019 1,148 |— 7,050 |— 2,014 |+ 558 |— = 573 
6 1.191 86551 |— 4.354 |— 2.043 |+ .963 |— .476 1, 040 1, 239 900 '— 4,528 |— 2,125 |+ 1,002|— 495 
7 1. 561 79915 |— 2.518 |— 2.003 |+ 1.770 |— .298 860 1,342 687 |— 2,165 |— 1,723 |+ 1,522 |— 256 
8 1. 878 72171 ;\— 0.461 |— 1.640 |+ 2.913 |+ .150 750 1, 409 541 |— 346 |— 1,280 |+ 2,185 |+ 113 
9 PRY . 63638 |-+ 1.540 i= 1.096 |+ 1.399 |+ .912 680 1, 485 433 |+ 1,047 |— 745 |+ 951 |+ 620 
10 2. 232 . 54602 |+ 3.247 |— .492 iets . 243 |+ 2.034 670 1, 495 366 |+ 2,175 |— 330 |+ 163 |+ 1, 363 
10’ 2.200 45398 |+ 4.509 |\+ .080|— .565 |+ 2.035 670 1, 495 304 |+ 3,021 |4+ 54 |— 379 |+ 1,363 
9’ Pa wil . 36362 I+ 5.222 |+ .540 |— 1.057 |+ .911 680 1, 485 247 |+ «93,551 |+ 367 |— 719 |+ #619 
8’: 1. 878 | 27829 |+ 5.341 |+ .8386|— 1.261 |4+ # .150 750 1,409 209 |+ 4,006 |+ 627 |— 946 |+ 113 
74 1. 561 20085 |+ .4.930 |+ .957 |— 1.244 /—  .300 860 1, 342 173 |+ 4,240 |+ 823 |— 1,070 |— 258 
6 1.191 13449 |+ 4.076 |\+ .905 |— *1.056 |— .476 1, 040 1, 239 140 |+ 4, 239 |+ 941 |— 1,098 |— 495 
5/ . 815 08139 |+ 2:976|+ .725|— .776\— 458 1, 250 1,019 102 |+ 13,720 |+ 906 |— 970 |— 573 
4’! 478 04252 |+ 1.840 |+ .481 |— -.477 |— 330 1, 540 736 65 |+ 2,834 |+ 741 |— 735 |— 508 
3 . 219 01744 |4+ =. 881 |+ 4 «2.248 |— Ss. 227 | — 175 1, 880 412 33 |+ 1,656 |+ 457 |— 427 |— 329 
2 . 062 00444 |+ .260/+ .075|— .065 |— 054 2, 330 144 10 |+ 606 |+ 175 |— 151 |— 126 
ily 0 0 0 0 0 3, 000 0 0 0 0 > 0 
| 21.004 | 10.0000 | 34.822 + 6.143 (+ 7.920 |4 6.192| 28,000[ 18,462| 14,000 + 31,095 | 7,660 + 6, 693 |4 4,191 
- [= 30.129 |— 9.490 |— 6.728 — 3.585 — 47,734 |— 9,099 |— 6,495 |— 4, 579 
+ 4.693 |— 3.347 |4 1.201 |4+ 2.607 — 16,639 |— 1,439 |+ '198|— 388 
“ 2,762 +16,174 
At point 0, M =-{t ’ —5. = , 
E y Mi=— 1 3) eng (6 \— 8-808) hoy’ 569 
aT Atpoint 3, M,=—{+2)762\y (_9 346) —{+ 6,480 
y —) =3/482 — 8638 
Males ean . 423762 — 23745 
At point -8, My=—{ 13208 X (+-0.994) ={ ee 
) ? 
2762 — 3/470 
At point 10144, M =-{t ’ ; = ? 
P Ya) Mi=—) "369 5X (41.364) =) 4 4’9g5 

















TABLE 9.—Computation of maximum stresses 
































































































































== a =F 5 { 
| | | 
75 76 77 78 79 80 81 82 83 84 85 86 87 | 88 89 90 | 
aor | = ~ =" Sd ee 2 es ee | FSS = 
| | 
| Extrados| Intrados Maximum stresses 
H M V Hoos¢ | Vsing aN; cA Myr i ial Extrados | Intrados 
paar a 4 a7 as 
| | Pah eee: |. ae 
oe — x ya = se ¥. peer ren | | | | a — 
| | | 
Point 0 - _D.L. \+ 18,462 |— 16,639 | 14,000 |-+ 15,471 | 7, 672 | 23,142 |-- 66 /— 118 |— 52|/+ 184 /— 52/— 52/4 184|4+ 184 
sin $=.548. +C.L. L, | + + + + | | | 
Cos P=.838. +U~.L. L. + 5,584 | 13, 058 1,035 | 4, 679 567 |-- 5,246 | 15 | 93 |+ 108 |— 78 |+ 108 — 78 
Tht pags Ser cela asa ak ets, Tis Eoin s Letts | | 
LS = pal by , 326 |— 11, ‘ , 1, 48) 3,437 |- 10 \.— 80 |— 70 |+ 90 =) 70 l= “90 
ay 00709. + T. |- 2,762 | 16,174 0 |+ 2,315 O | 2,315 | Tie 115|+ 122)/— 108 \+ 122 | =) 108 
- T. |— 3, 682 |— 21, 562 0 |— 3,086; O |— 3,08 |— 9i— 153/— 162|/+ 144 — 162 + 144 | 
Total excluding temperature | DER Se PES 
enn Total |+ 178\— 284|+ 418/— 2 
Point 3 . L. |+ 18,462 |— 1, 439 8, 670 |-- 17,465 | 2,982 | 20,447 | 104 |— 33 [+ M1\+ 137j+ Wit 71 i+ 137 | 137 
auie sede +O. LL: + + + + 4 | | | | : 
cos o=.946. 2 ye Ee +t 4,060 | 2,304 958 a 3, 841 330 az 4,171 | 21 53 |+ 74 |— 32 |+ 74 | — 32 
Area=196. —C.L. 1. = = | 
= .02308 —U L.L. |+ 3,850 |— = 3, 559 2,042 |--+- 3, 642 702 + 4,344 ¢ 22 |— $2: |= 60 |+ 104 | = 60nd 
or ae et T. |-- 2,762 |+ 6,480 0 ‘+ 2,613 0 + 2,613 13 |+ 149 |+ 162 |— 136 |+ 162 — 136 
= T. |— 3,682 |— 8, 638 0 j— 3,483 0 — 3,483 |j— 18 \— 199 |— 217 |+ 181 — 217 \|+ LSD le 
Total excluding temperature l-- 145 a) (241 
Bale Total a. 807 |= 206 a= 4220 esl 
Point 8 _ L. |+ 18,462 |+ 198 2,100 |- 18, 388 | 216 |+ 18, 604 | 120 + Ti+ 127 {+ 1138 |4+ 127 |4+ 127 |4+ 113 |+ 118 | 
sin ¢=.103. Ox U Arata s ah ata ae - ab | . 
cos $=.996. 20: a Le t 3,955 | 2, 973 534 ri 3, 939 55 tr 3,994 | 26 | 1 |+ 137 |— 85 |-+ 137 — 85 
Area=155. Neo Eee al | a 
h 03728 —U.L. L. |+ 3, 955 — 2,523 591 i 3, 939 61 + 4,000 ae 26 |— 94 |— 68 |+ 120 — 68\|+ 120 
tm + T. |4 2,762 |— 2,745 0 2, 751 + 2,751 |+ 18/— 102 |— 84 |+ 120 | — 84/+ 120 
- T. |— 3,682 |+ 3, 660 0 |— 3,667 0 (|= 3,667|— 24/+ 1386/+ 112/— 160 |+ 112 |= 160 | 
Total excluding temperature + 264 + 233 | 
Total [+ 376 |— 25 |+ 353 |—_182 | 
Point 1044 i - ue + 18, 462 i 388 | 0 is 18,462} 0 tr 18, 462 tr 121 ‘i 15 |+ 106{+ 136 |+ 106 |+ 106 |+ 136 |+ 136 
sin ¢=0. -b. dL, | | | | | 
cos $=1.00. es L. ie + 4, 666 |-++ 2, 322 | 0 t 4,666 0 t 4,666 + 31 |-+ 91 j+ 122 |— 60 + 122 — 60 
Area=152. —C.L.L. Te | = 
a —U.L.L. |4+ 3,245 |— 1,344 | Il 3,245/ 0 | 3,245 + a i— 52 |— 31 |+ 73 | ae ST | =t 3 73 
ys 901. j- T. | 2,762 |— a le 2,762) 0 |e 2,762 | 18|— 185 |/— 117 /+ 153 | — 117 |+ 153 
= T. |— 3,682 |+ 4,985 i— 3,682; O (= 3,.682\— 224|/+ 194/+ 170/— 218 |+ 170) Ae os 
Total excluding temperature i+ 228 + 209 
Total + 398|— 42 |+ 362 |— 142 
: ; N h 
= ieee ye 
N=H cos ¢+ Vsin ¢ ¢ A+ Maz 


columns 77, 78, and 79. It should be remembered that moments, thrusts, and shears at the other points are 
the V, given in the sum of column 70 is the dead-load found in the same way, but it should be remembered 
vertical shear at point 0, and to get the vertical shear that the values of V, in column 63 are the values of 
at any other point the loads between point 0 and the the reaction at the left support, and if there are any 
point under consideration must be subtracted from V,. loads to the left of the pomt under consideration the 
We will consider next the live-load thrusts, moments, shear is found by adding the proper quantities in 
and shears. A uniform live load of 125 pounds per the V,-column and then subtracting 1.00 for each 
square foot has been assumed, and since we are con- load to the left. Then the quantity thus obtained is 
sidering a strip of the arch ring 1 foot wide, the live multiplied by the live load per load point as shown in 
load at one point is 125dz, or 375 pounds. We wish to the following computations: 
find the maximum stress at each of the points, 0, 3, 8, 
and 101% and the stress is a function of the moment, MOMENTS, THRUSTS, AND SHEARS DUE TO LIVE LOAD 
thrust, and shear. It is not necessarily maximum at the 
same time that the moment is, but it is so nearly so 
that this is assumed to be true. Inspecting column 64 it 


Live load=125 pounds per square foot 
=125X3=375 pounds per load point 


is seen that the maximum positive moment at point 0 Point 0 es ree careen 
: ; : : = 375 94.822= 
is produced by placing a live load at all of the points Se near no 
which give a positive moment, and no load should be V=375% 2.759 — VOaE 
placed at the points which give a negative moment. —M=375 30.129 = — 11/298 
Thus the maximum positive live-load moment at point H=375X 6.204= _ 2,326 
0 is found by multiplying the sum of all of the positive Be Vasord x 7.241 ee 2,715 
ate c is d - Point 3: 
quantities in column 64 by 375 pounds as is done in ' M=375X 6.143— 42,304 
the. table following. ; H =375X10.828= 4,060 
The horizontal thrust which occurs at the same V=375& (4.555-2) = 958 
time as this maximum moment is found by adding the —M=375X 9.490= — 3,559 
ani ‘ ? hich give a H=375 X 10.266= 3,850 
quantities in column 62 for the points which giv Vu=373% 5445 — 3042 
positive. moment and multiplying the sum by 375. Point 8: 
The same procedure is followed for the vertical shear, ee ere elie 
using the quantities in column 63. The maximum nega- = died 
tive moment and the thrust and shear which occur at AY Na areal is 9.008 
the same time are found by placing the loads at all of the ¢ H=375%10.547= 3/955 


points which give negative moments. The live-load Vine 87531 1.577—= 591 
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Point 1034: upon the assumption that the concrete will withstand 





7M S67) x. $:102= or ge the stress to which it is subjected. It is found that 
Se ee Rh ae the tension in the concrete at the abutment under cer- 
—M=875X 3.585= —1,344 tain conditions is 284 pounds per square inch. Under 
H=375X 8.652= 3,245 these circumstances the concrete will crack and all of 
V=S194 Oi 0 the tension must be taken by the steel. 
The horizontal thrust due to a change in tempera- 
ture is computed from the formula eee ee If 


E, be taken as 2,000,000 pounds per square inch or 
144 x 2,000,000 pounds per square foot and e be taken 
as 0.000006, the formula becomes H, = 2. H, is 
constant for all points of the arch ring, and its value is 
calculated and recorded in column 77. JM, is com- 


puted from the formula M,= — H,( -=*). Values 


of (y-"S) are found in column 23 except for point 





ZA 
0 and the value for this point can be quickly com- 


A Two-RisBpepD OpEN-SPANDREL ARCH DESIGNED BY THE 


puted. The value of V, is zero in every case. 
Hcos ¢ and Vsin ¢ are computed and tabulated in 
columns 80 and 81, respectively. NV in column 82 


MetHop DrscrIBED HERE BUT WITH SOME VARIATION 
on Account oF THE PosITION oF Loap PoINTSs AS 
FIXED BY THE LOCATION OF COLUMNS 


is computed by adding the corresponding values in When the tensile strength of the concrete is exceeded, 
columns 80 and 81. Column 83 is arene: by the Stee in the steel and concrete may be found 

«sae ; : / - from the diagram on page 405 of Hool and Johnson’s 
Seip a By ee ieyom ee be MoT ™ «Concrete Engineers’ Handbook.” It will be noted 
column 84 is computed by multiplying M in column hat in this case there is reinforcement on the tension 
side only. The nomenclature used in the following 
computations, if not previously explained, is found on 
page 403 of Hool and Johnson. 


78 by a The stress in the concrete at the extrados 


G oe M7) is computed for column 85 by adding the 








At point 0: 

corresponding values in columns 83 and 84. The M N 
stress in the concrete at the intrados is computed in De ne aa) es ee 
column 86 by subtracting column 84 from column apes Se ae ae fa 
83, observing the correct algebraic sign. é : 

Columns 85 and 86 give the stresses due to various —49, 499 +23, 493 
conditions of loading and temperature, but those con- wa 49499 ig 14. F4. 
ditions do not all obtain at one time. To find the maxi- + 23,493 


mum stress which may obtain, columns 87 to 90 are =ut (5 —d’) =2.11+0.98=3.00 fie 3Toiuiee 


® 


used, as indicated in the headings. For each case the d=h<d' 23020172 13 os Gare 
maximum stress is caused by a combination of the dead ame Whe 
load, one position of the live load, and one condition Giga 5- 0 eae ans 


of the temperature. These stresses are tabulated in col- 
umns 87 to 90, inclusive, and the algebraic sum taken. pee 
The correct algebraic sign must be observed in all cases. 1442.13 
ze Ne’ 23,493 X37.1 

These maximum stresses have been computed upon K=Fp= 12% 05.6? 7 !11. 
the assumption that the arch ring is uniformly elastic — Fyom diagram (Hool and Johnson) f.=630 and f,=14,000. 
and acts in accordance with Hook’s law under all con- T f ; ; . ; a5 
ditions—that is, we have assumed that the concrete herefore the arch is satisfactory at this point. 
will withstand the tensile stresses as well as the com- , At point 3 the worst conditions of loading and 
pressive. If the computed tensile stresses do not ex- temperature give 206 pounds tension in the concrete, 


ceed the allowable tensile stress for concrete, the above which will cause the concrete to crack. 


Area of steel=1.125 sq. in. (see fig. 5): 
=0.0087 per cent steel. 











assumption is practically true, but if we find that the At point 3: 
tension in the concrete exceeds the allowable stress D.L= na ie N 
at any point the ‘assumption is not true and we must fie C= _3’ 559 oie aa 
assume that the concrete cracks at that point and all of ss —8) 638 —=3, 483 
the tension is taken by the steel reinforcement. ‘The ——. 
stresses in the steel and concrete at that point should Br are 
then be computed by another method. U= 97-3097 0:64 ft. 

This may be done by dividing the maximum moment e064. 0.485 ee 1 
by the maximum thrust (columns 78 and 82) to find d=13.6 in. 
the eccentricity of the thrust and then computing the e' _13.4 _ 9 ogs 
stresses by the theory of bending and direct. stress in @) 143.0. -enr an 
reinforced concrete for which formulas and diagrams P= Tqgee 1g = 0.00346 per cent steel. 


may be found in any textbook on reinforced concrete. Ne’ 21.305X13.4 
_ Stresses in steel and concrete——Columns 87 to 90, K= = 195 (13.6)? = 128: 
inclusive, give the stresses in the concrete computed From diagram, f-=575 and f,=7,500. 
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At point 8: 
M N 
D. L.= +198 +18, 604 
ess +2, 973 +3, 994 
i +3, 660 —3, 667 
+6, 831 +18, 931 


Be, Ool 
e’=0.361+0.34=0.701 ft.=8.4 in. 
=10.2 in. 
Chey 8.4: 
ao 
0.5625 
P=79< 10.27 0-0046. 
_ Ne’ _18,931X8.4 _ 
K~ yg 12 (10.2)? — 12". 
From diagram, f,=460 and f,=2,600. 


At point 10%: 








M N 
D. L.= —388 +18, 462 
L.L.= +2,322 +4, 666 
Ti > 4,985 —3, 682 
+6,919 +19, 446 


mee 10,919 


e’ =0.356+ 0.333 =0.689 ft. =8.3 in. 
d=10.0 in. 
/ 


: 5 
Bo ict =0.0047 per cent steel. 
Ne! _19,446X8.3 _ 4, 
eamebe,. 12X10)? 
From diagram, f-=490 and f,=2,900. 








Foundation pressure—The maximum pressure on 
the foundation at the back of the abutment will be 
caused by the dead load, the live load which causes 
positive moment at the abutment, and a rise of tem- 


perature. The live load which causes a negative 
moment at the abutment may in some cases increase 
the foundation pressure, but usually it does not. It 
will increase the thrust, but on account of the moment 
being of opposite sign, it decreases the eccentricity 
which decreases the maximum pressure at the back of 
the abutment. 











Jes V 
D.L.= —16,639  +18,462 14,000 
Ib bp +13, 058 +5, 584 1, 035 
hs +16, 174 +2, 762 0 
+12, 593 +26, 808 HONUSs 
+12,593 __ 
L= £26,808 — +0.47 ft. 


The thrust at the abutment (point 0) may be ob- 
tained by plotting H and V on the drawing and scaling 
the thrust, which is found to be 30,700 pounds and is 
applied 0.47 feet above point 0. 

The weight of the abutment and the fill above the 
abutment is 18,650 pounds, and the center of gravity 
of these loads is 4.9 feet back of the face of the abut- 
ment. This weight is combined graphically with the 
thrust from the arch, and we obtain a total pressure of 
43,000 pounds applied 1.21 feet from the back of the 
abutment. The vertical component of this pressure 
is 33,685 pounds and the horizontal component is 
26,808 pounds. 

The maximum vertical pressure on the foundation is 
33,685 X2 
3X1.21 
tons per square foot. The horizontal pressure of 
26,808 pounds must be taken by friction on the founda- 
tion and pressure against the vertical rock back of the 

abutment. 


therefore =18,560 per square foot, or 9.3 


PART 2.—ANALYSIS OF UNSYMMETRICAL ARCHES 


ART 1 of this article, published in the preceding 
Pp issue of Pusuic Roaps, presented the derivation 
of formulas for arch design and the calculations 
for the design of a symmetrical arch using the forms 
which have been developed to lessen the labor and 
chances of error in arch calculations. It will be 
assumed that the reader is familiar with the preceding 
article, and an example will be worked out for an 
unsymmetrical arch, explaining only such steps as have 
not already been discussed. 


FORMULAS FOR UNSYMMETRICAL ARCHES 


The following formulas for unsymmetrical arches 
were derived. They are applicable to either symmet- 
rical or unsymmetrical arches, but for symmetrical 
arches it is much easier to use them in the simplified 
form previously explained. 
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‘lw DIA\ Gals 
52(e—h)al e— Se ~ Fx 32 (e—B)a( 
Ves eee See ee 
C 





1 DyA 
ae V.B-32(e—B)A(y- i) 


‘ C 


deus DyA 
“Shay Ce NAS 





da zz 
M, oo) Sa 


M,= M,+[V.2-— (ek) 2 Hy 


Di Mie ee 
MG: ete eth 
Saueny Tie 

OY 


VB +20 eth 
is C 


z 2zZA 
M,= —H(y- he) + 1.3 (2e-= 


Vv, 


HA, 





N,=Hcos¢+ V; sin ¢ 
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CALCULATIONS FOR AN UNSYMMETRICAL ARCH 


An unsymmetrical arch of the dimensions shown in 
Figure 1 is to be designed to carry a live load of 125 
pounds per square foot and to withstand a rise of tem- 
perature of 30° F. or a fall of 40°. 

The general method of procedure is identical with 
that described for symmetrical arches. The dimen- 
sions of the arch ring and reinforcement may be arrived 
at by any of the methods in general use, and a drawing 
similar to Figure 1 is prepared on a scale of 1 inch to 
3 feet. For unsymmetrical arches it is necessary to 
draw the entire arch ring. 

Computations are entered in 12 tables, which can be 
conveniently arranged on six sheets of letter-size paper 
grouped as presented here. Bold-face type is used to 
indicate the results of calculations, and plus and minus 
signs which are the same for all arches and may be 
printed on the blank forms. Since the arch is unsym- 
metrical, the tables must be filled out for the entire 
arch in every case. As in the preceding example for a 
symmetrical arch, coefficients will be determined for a 
load of unity at the various points, and these coefficients 
will be applied to the dead and live load to determine 
the stresses. 

Table 1. Computations for A—This table is filled 
out in the same way as Table 1 for the symmetrical 
arch and requires no additional explanation. 

1 

Table 2. Computations for ; > (z-k) A @-h)- 
The value of this expression, which appears in the for- 
mula for V,, was not found for the symmetrical arch, 


since it is multiplied by G, which in the case of the. 


symmetrical arch is zero. The value of y for each of 
the 20 points is scaled and recorded in column 12. The 
value of yA, column 13, is the product of the correspond- 
ing values of y and A in columns 12 and 11. The sum 
of column 13 should be divided by the sum of column 


11 and the value of “yA is recorded in the place provided 
on the same sheet with Tables 1 and 2. 
Column 14 is computed by subtracting ae from 


each value of y. Column 15 is computed by multi- 
plying each term in column 14 by the corresponding 
term in column 11. If the work in columns 13, 14, 
and 15 is correct, the sum of column 15 will be zero. 
Columns 16 and 17 are computed in exactly the same 
manner as explained for columns 36 and 37 of Table 4 
for symmetrical arches. The figure opposite point 20 
in column 16 is always zero. To this add the figure 
opposite point 20 in column 15 with its proper algebraic 
sign and write the result in the next space in column 16. 
To this add algebraically the next figure in column 15 
which is opposite point 19, and set down the sum in col- 
umn, 16 opposite point 18. Then add the next figure 
in column 15 and continue this process to the top of 
the page. Since the sum of column 15 is zero, the 
top figure in column 16, opposite point 1, will be 
numerically equal to the top figure in column 15. 
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; Oh 1 yA 
TaBLE 1.—Computations for A TaBLE 2.—Computations for gule—k)a IS 
& er J ent <a e e 
tie 2 3 4 5 6 7 8 a 110 u 12 13 14 | 15 | 16 17 
eae i me | 1 | | iiss 
| | ae 
h | | | | 1 YE (2—-k) AX 
Ce a h 2 | ds DyA* |} DyA DAWN ee 
3 7 ——(" aes => ee west s ! = | 
eee Bel 92 IG ay\(5 a’) ils Puget ag oe tie v3) 2a(y-3a) (2a) | 
2 | | | | | (-e 
iia ESE es: | = (| =aae _| ‘ a ee 
0 | 2.50 | 15.625 | 1.302 | 1.25 1.08 1.166 '0.136 | 1.438 | —— | 0. 00 ! — 
1 | 2.32 | 12.487 | 1.041 | 1.16 .99 ROSO he tlonen 1.1560) (6,05) 96.235) 2:55 13.3365 |— 14.950856 — 78.1930 |+ 78.1932 |+ 2347.96 
2/ 1.92] 7.078 | .590| .96 79 . 624 | .073 663 | 5.30 7.99 || 7.10 56.7290 |— 10.400856 — 83.1028 |+ 161.2960 |+ 2269.77 
3|1.60| 4096] .341| .80 . 63 . 397 | .046 .387| 4.65 | 12.02|| 10.55) 126,8110|— 6.950856 |— 83.5493 |+ 244.8453 |+ 2108. 48 
4} 1.34] 2.406) .200| .67 . 50 . 250 | .029 .229 | 4.10.| 17.90 13.06 | 233.7740 |— 4.440856 |— 79.4913 |+ 324.3366 |+ 1863.63 
5 | 1.20] 1.728] .144|) .60 . 43 .185 | .022 166} 3.93| 23.67 || 15.06] 356.4702 |— 2.440856 |— 57.7750 |+ 382.1116 |+ 1539. 29 
Caete LONe ts s3ie). TNT | ..55 . 38 .144 | .017 .128| 3.75 | 29.30|| 16.58] 485.7940 /— .920856 |— 26.9811 |+ 409.0927 |+ 1157.18 
7| 1,08 | 1.260} .105| .54 537 . 137 | .016 1121} 3.65 | 30.17|| 17.68| 533.4056 |+ .179144/+ 5.4048 |+ 403.6879 |+ 748.09 
8| 1.06] 1.191] .099| .53 . 36 .130 | .015 .114| 3.60! 31.58 || 18.60], 587.3880 |+ 1.099144 + 34.7110 |+ 368.9769 |+ 344.40 
9/ 1.04] 1.125 | .094| .52 | . 35 122 | .014| .108| 3.55| 32.87|) 19.26] 633.0762 |+ 1.759144 |+ 57.8231 '+ 311.1538 |— 24.58 
10 | 1.02 | 1.061] .088) .51 . 34 116 | .014| 1102) 3.50| 34.31 || 19.72] 676.5932 |+ 2.219144 |+ 76.1388 |+ 235.0150 |— 335.73 
11 | 1.00 | 1.000] .083 | .50 | . 33 .109 | .013 096 | 3.50) 36.46 || 19.92 | 726.2832 |+ 2.419144 |+ 88.2020 |+ 146.8130 |— 570.74 
12 | 1.00] 1.000; .083| .50 . 33 .109 | .013 .096 | 3.50| 36.46 20.00} 729.2000 |+ 2.499144 |+ 91.1188 +  55.6942|— 717.56 | 
131.00] 1.000] .083} .50 . 33 109 | .013 .096| 3.51 | 36.56 19.95 | 729.3720 |-+ 2.499144 |+ 89.5407 |— 33.8465 |— 773.25 | 
14| 1.02 | 1.061] .088] .51 . 34 116.014 .102| 3.54) 34.71 19.62 | 681.0102 |+ 2.119144 |-+ 73.5555 |— 107.4020 | 739.40 | 
15|1.06| 1.091 | .099] .53 . 36 .130 | . 015 114} 3.60} 31.68 19.00 | 600.0200 |+ 1.499144 |+ 47.3430 |— 154.7450 |— 632.00 | 
FGY || SUK) |) TAGE ESST Ne emer | ret . 38 .144 | .017 OR) ERGO |. GELOl 18.05 | 521.8255 |+ .549144|+ 15.8757 |— 170.6207 |— 477. 26 
17| 1.20 | 1.728] .144| .60 . 43 1850) 1022) 166 Neene; 881 28,.37 16.60 | 387.9420 /—  .900856 |— 21.0530 |— + 149.5677 |— 306. 64 
18 | 1.40 | 2.744] .229] .70 . 53 281 | .033 | .262| 4.25] 16.22 14.60] 236.8120 |— 2.900856 |— 47.0519 |— 102.5158 |— —:157.07 
19 | 1.84] 6.230] .519| .92 | .75 . 562 | .066 .685 | 4.88 8.34 11. 75 97.9950 |— 5.750856 |— 47.9621 |— 54.5537 |— 54.55 
20 | 2.26 | 11.543 | .962 | 1.13 | . 96 .922 | .108| 1.070] 5.90 5. 61 7. 60 41.8760 |— 9.900856 — 54.5537 | 0. 0000 0.00 
0’ | 2.50 | 15.625 | 1.302 | 1.25 1.08 1.166 | .136! 1.438 22.0: 00 — —- |. —_—_— | — 
DA 483. 16 DyA= 8455. 7136 0. 0000 | + 7,590. 02 
rae LyA ‘ he h 2 
Span /=70.00 feet. dx= 3.50 feet. FA 7 17.500856. T.=75 ies 5d! nA 5 


The figure in column 17 opposite point 20 is zero. 
In the next space opposite point 19 set down the figure 
taken from column 16 opposite point 19 with its 
proper algebraic sign. To this add algebraically the 
figure taken from column 16 opposite point 18 and set 
down the result in column 17 opposite point 18. Con- 
tinue this summation to the top of the page. Column 


ZyA 
DA 
for aload of unity placed successively at each load point. 
zen 

ZA 
The values of z which are always the same when the 
arch ring is divided into 20 parts, are permanently 


printed in column 19. Columns 20, 21, and 22 are 


computed as indicated at the heads of the columns. 
ZZA . 
— is de- 


Z 
17 will then contain the values 52 (z—k) a(y- 


1 
Table 3. Computations for 52 (z—k) a( 2- 


After column 20 is computed the value of ., 


termined and the result set down in the space provided 
on the sheet containing Tables 3 and4. If the arch were 
zZA 
ZA 
rical it should not differ from 20 a great amount unless 
the arch is very far from being symmetrical. 

Column 23 is computed from column 22 in the same 
way that column 16 was computed from column 15. 
The sum of column 22 should be zero if the numerical 
work is correct and the top figure in column 23 opposite 
point 1 should be numerically equal to the top figure 
in column 22. Column 24 is computed from column 
23 in the same way that column 17 was computed 
from column 16. Column 24 will contain the values of 


ue zzA : 
p2(e-k) A(2—S) for a load of unity placed 


symmetrical would equal 20, and when unsymmet- 


successively at each load point. 
Table 4.—Computations for B, C, F, and G.—These 
terms are constant for any particular arch ring, since 

























































































ae ZzA . 
TABLE 3.—Computations fo 5 Z(z—k)A 2—SA TaBLe 4.—Computations for B, C, F, and G 
a 
18>) 19 209) 21 | 22 23 24 25 26 27 28 29 
= cae w - 
| 15 (— k)Ax|| 
Sek) |. fe Bed _Z2A\\2 a ZyA _ZyA cos Ge eee 
2 Zz zA Sa a( 2 =a ZA(2 oA) 2 (9S ) va(y ie cosd Fi 
3 | 
ay | 
= = =a | es 2 
| | 
o| ~o| | | 0.549 | ———— , ————_— 
1 1 5.23 |— 19606714 |— 102. 5431 |+ 102. 5432 19, 309. 05 ||— 78.19 |— 199.39 . 875 248 — 102. 54 
2 3 23.97 |— 17.606714 |— 140.6776 |+ 243.2208 | 19,206.51 || -249.31 |— 590. 08 . 666 1347 — 422.08 
3 5} 60.10 |— 15. 606714 |— 187.5927 |-+ 430.8135 | 18,963.20 ||— 417.75 |— 881. 44 . 764 477 |— 987.96 
4 7| 125.30 |— 13.606714 |— 243.5602 |+ 674.3737} 18,532.48 |i—_-s- 556.44 |— 1, 038.16 844 .630 — 1,704, 92 
5 9 | 213.03 |— 11.606714 |— 274.7309 |+ 949. 1046 17,858.10 ||— 519.98 |—._—=— 870. 09 . 896 .746 — 2,472.58 
| 6] 11/| 322.30 /— 9.606714 |— 281.4767 |+ 1230. 5813 16,909.00 |— 296.79 |— 447. 35 . 940 854 — 3,096. 24 
7| 18] 392.21 |— 7.606714 — 229.4946 |+ 1460.0759 | 15, 678. 42 |/ + 70.26 |+ 95. 56 . 962 .890 — 2,983, 43 
8| 15} 473.70 |— 5.606714 |— 177.0600 |+ 1637. 1359 14,218.34 ||+ 520.67 +  — 645. 62 975 920 — 2,655.90 
9| 17| 558.79 |— 3.606714 — 118.5527 |+ 1755.6886 | 12,581.21 ||+ — 982.99 |+ 1,113.67 . 987 948 — 2,015.40 
10! 19| 651.89 |— 1.606714 — 55.1246 |+ 1810.8150; 10,825.52 ||+ 1,446.64 |+ 1,501.46 . 996 .976 — 1,047.40 
11 | 21) 765.66 |+ 0.393286 |+ 14.3392 |+ 17964758} 9,014.70 ||-+ 1,852.24 |+ 1, 756. 98 . 999 999 |+ — 301.12 
12} 23| 838.58 |+ 2.393286 |+ 87.2592 |+ 1709.2166| 7,218.23 ||+ 2,095.73 |+ 1, 822.38 1.000 1.000 + 2,006.96 
13| 25 | 914.00|+ 4.393286 + 160.6185 |-+ 15485981 | 5,509.01 ||+ 2,238.52 + 1,786.34 . 998 998 |+ 4,015.46 
14} 27 | 987.17 |+ 6.393286 |+ 221.9110 |+ 1326. 6871 3,960.41 |+ 1,986.00 + 1,443.16 . 990 .970 + 5,991. 60 
15| 29! 915.82 |+  8,393286 + 265.0600 !+ 1061.6271 | 2,633.72 |+ 1,372.95 |+ 899. 52 975 920 + 7, 686. 74 
1¢| 81] 9896.21 |+ 10.393286 |+ 300.4699 |+ 761.1572} 1,572.10 /+ 492.15 |+ 286. 56 . 948 862 + 9 314.57 
17 838| 771.21 |4+ 12 393286 |+ 289 6311 [+ 471. 5261 | 810.94 ||— 69475 )— 349.48 . 903 . 752 |+ 9 557. 83 
18| 85 | 567.70 |+ i4. 393286 |+ 233 4591 |+ 238.0670 339 41 ||— 1,646 82 |- 686 96 .H12 580 | + 8171.07 
19| 87 308.58 |+ 3A 393286 |+ 136.7200 |-+ 101. 3470 | 101.35 ||— 1.774 60|- 563.55 718 . 390 |+ 5, 058. 64 
20) 39| 214.89 |-+ 18.393286 |+ 101.3470 0.0000 | 0.00)/— 2,127.59 — 414.61 . 605 268 |-+ 3,952.53 
0’ | 40 | | | . 558 —— 
a |_ | sla emer 
EzA=9956. 34 | S=0. 0000 S=+4, 695.93 + 5,310.19 D=14.775 |+ 38, 618. 12 
| | | aM 
LeA : iba oe 
—_—. == 46 cos = 
SA = 20.606,714 C= Lyne i) 4-2 208 08% _ 1 531.97 C= 875797 
oO 
l ee BG _ 
=5 2 2A (2-224) 19,309. 06 C ~ 2,056.34 
0 ZA 
jet Ly i we A iB Goa 
B= 522A(y- 22 )=5 = Col. 25=2,347.965 G= —— EAA (y— “9 ) —1 341.6943 F—~G@ = 17,252.72 
25 ZA Di wi We, 
t= 000,652,75 : 
Core tae Tae , BG = 0.000,057,961,9 
re) 


they are independent of the loading. The values in 
column 25 are computed by multiplying each term in 
column 15 by the corresponding value of z in column 19. 
B is equal to one-half the sum of column 25 and G is 


dx 
should be set down in the places provided on the sheet 
containing Tables 3 and 4. 

Column 26 is computed by multiplying each term in 
column 15 by the corresponding value of y in column 
12. Cos ¢ (see fig. 3, Pt. I) in column 27 might be 


computed from the formula cos ¢= ) 


equal to times the sum of column 25. Their values 


but since cos ¢ 


varies so little for small angles more accurate results 
will be obtained by computing sin ¢ from dimensions 
scaled from the drawing and then taking the corre- 
sponding values of cos ¢ from a table of trigonometric 
functions. This may be done on a supplementary 
sheet of paper. It is not necessary to find the values 
of ¢ as only cos ¢ is wanted now, but the values of sin 
é should be kept because some of them will be wanted 
ater. 

Column 28 is computed by dividing each term in 
column 27 by A, the area of the arch ring section, which 
for practical purposes may be taken as equal to h (col- 
umn 2). 


C is equal to the sum of column 28 plus i times the 


sum of column 26. Its value should be set down in 
the space provided below Table 4. 


Column 29 is computed by multiplying each term of 
column 22 by the corresponding value of z in column 19. 
F is equal to one-half the sum of column 29 and its 
value should be set down in the space provided below 
Table 4. Values of other expressions below Table 4 
are found as indicated and require no particular ex- 
planation. 

Table 5. Computations for V,.—V, is computed from 
the formula 





a ZzA Gi! DyA 
es 2 (2-B)a(2— 22) -F 5 2 ba(y— Se) 
ea G 
FBC 


_ Column 31 is copied from column 24. Column 32 
is computed by multiplying each term in column 17 by 


a Column 33 is computed by subtracting each term 
in column 32 from the corresponding term in column 31 
and the numerical work may be checked by subtract- 
ing the sum of column 32 from the sum of column 31. 


Column 34 is computed by dividing each term in 


column 33 by (F-BE 


C Column 34 now contains 


‘the values of V, for a load of unity placed successively 


at each load point. The top figure in column 34, that 
is the value of V, for a unit load at point 1, should 
equal unity, but ‘allowance should be made for the 
inaccuracy due to dropping of decimals. ; 














TABLE 6.—Compu- 
tations for H, 








































































































| 
30 31 32 33 34 35 36 37 38 39 40 41 | 42 43 | 44 
= et | | | 
| | Sn ee ee 
1S (eK) ax | ta He a oe | | Mom 
2 G Col. 31— Col. 35— 1 See ox |4, drzzd | Col.’ 
a a G se Col. 33 7 ) | ; | | AS dz=zA | Col.’41-+- 
s NG Cole eet 2) | Col. 17. (Sok sel! & | > 24. | PAT BA | ByA* | VS | Col. 42— 
6 Z=— SA a | Cc | (2 ) Col. 40 | ZA | Col. 43 
© | 
0 | = | | 
1 19, 309.05 |+2, 056. 34 | 17,252.71 | 1.0000 |) 2, 347. 96 0.00 | 0.000 || 5.23 | 477.93 | 4,736.59 | 34.312 | 0.000 36.062 |— 1.750 
2 19, 206. 51 |+1, 987. 86 | 17,218. 65 . 9980 || 2, 343. 27 73. 50 . 048 7.99 | 469.94 | 4, 258.66 | 30.850} .840 35.990 |— 4.300 
3 18, 963. 29 |-+-1, 846. 60 | 17, 116. 69 . 9921 || 2, 329. 42 220. 94 | 144 || 12.02 | 457.92 | 3,788.72 | 27.445 | 2. 520 35.777 |— 5. 812 
4 18, 5382. 48 |-++1, 632.16 | 16, 900. 32 . 9796 || 2, 300. 07 436. 44 - 285 || 17.90 | 440.02 | 3,330.80 | 24.128 | 4.988 35.326 |— 6.210 
5 17, 858.10 |-+-1, 348.11 | 16, 509. 99 - 9569 || 2, 246. 77 707. 48 . 462 || 23.67 | 416.35 | 2,890.7 20. 941 : 8.085 34.507 |— 5. 481 
6 16, 909. 00 |+1, O13. 45 15, 895. 55 - 9213 || 2,163.18 | 1,006.00 . 657 || 29.30 | 387.05 | 2,474. 43 | 17.925 | 11. 498 33.224 |— 3.801 
7 15, 678. 42 655.17 | 15, 023. 25 . 8708 || 2,044. 61 | 1, 296. 52 . 846 || 30.17 | 356. 88 | 2,087.38 | 15.121 | 14.806 31.403 |— 1.476 
8 14, 218.34 |+ 301.62 | 13, 916. 72 . 8066 || 1,893.87 | 1,549. 47 1.011 || 31.58 | 325.30 | 1,730.5 | 12. 5386 | 17.693 29.087 |+ 1.142 
9 12,581.21 |— 21.53 | 12,602.74 | .7305 || 1,715.19 | 1, 739.77 1.136 || 32.87 | 292.43 | 1,405.20 | 10.179 | 19. 881 PLY Oil be aera We 
10 10, 825. 52 — 294.03 | 11,119.55 | .6445 || 1,513.26 | 1, 848. 99 1.207 |; 34.31 | 258.12 | 1,112.77 | 8.061 | 21.124 23, 242 |-- 6.943 
11 9, 014. 70 — 499.85 9, 514. 55 - 5515 || 1,294.90 | 1, 865. 64 J. 218 || 36.46 | 221. 66 854. 65 6.191 | 21.316 19. 888 |-+- 7.619 
12 7,218.23 ;— 628, 44 7, 846.67 ; .4548 |} 1,067.85 | 1,785. 41 1.165 || 36. 46 | 185. 20 632. 99 4.585 | 20.388 16.401 |+ 8.572 
13 §,509.Q1 |— 677.21 6,186.22 | .3586 841.98 | 1,615. 23 1.054 || 36.56 | 148. 64 447.79 3. 244 | 18. 446 12.932 |+ 8.758 
14 3,960.41 |— 647. 56 4, 607. 97 . 2671 627.14 | 1, 366. 54 »892 || 34.71 | 113.93 299.15 | 2.167 | 15.611 9.632 |+ 8.146 
15 2, 683. 72 |— 5538..50: 3, 187.22 | . 1847 | 433. 67 | 1,065. 67 696 31. 58 82. 35 185, 22 1.342 | 12.181 6.661 |-+- 6.862 
16 1,572.10 |— 417.98 1,990.08 | .1153 | 270. 72 747. 98 488 || 28.91 53. 44 102. 87 .745 | 8.540 4.158 |-+- 5.127 
17 810.94 |— 268. 55 1,079.49 | .0626 \ 146. 98 453.62 | .296 || 23.37 30. 07 | 49, 43 .308 | 5.180 2.257 |= “3, 281 
18 339.41 |— 137.56 476.97 | .0276 || 64. 80 221. 87 | 145 || 16. 22 13. 85 | 19. 36 . 140 2. 538 .995 | 1. 6838 
19 101.35 |= 47.77 149. 12 . 0086 || 20.19 74.74) .049 8. 34 5. 51 Byot Wee O40ult mero! OLOU Oe n 
ed 0. 00 0. 00 0. 00 . 00 | 0. 00 0.00 .00 §, 51 0. 00 0.00 | 0.000 0.000 0. 000 0. 000 
| | | 
| | | | 
195, 241. 79 | 6, 647. 33 |188. 594.46 10. 9311 [es 665. 83 |18, 075. 81 | 2a ae S1 28 | ees erage came 30, 412. 80 |220. 310 206. 492 394.195 |+- 32. 607 
| | | | | 
1 con eek E z aie z z 
pee h)A( 2-2 Bhat y= 2 ie ae ye aU oy eee 
Bie SUA Ua OPA DA SPE sA2a DA 2 DA 
‘ ss Z erase 
pr_BG 
(Oj 
t DyA da _ dx ZzA B 
V B—¥42(2—k)a(y—0) 5, = 0.007244 5 3A = 36.06175 
a vf c— 
ies 7 
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Table 6. Computations for H,—H, is computed corresponding member of column 43. 


from the formula, 
1 


7 VB-> 


l 
> (-b)a(y- 
C 


ZyA 
rH 


Vb is computed by multiplying each term in column 
34 by the value of B and entered in column 35. The 


l 
term 1s (2=k) a( -#) has already been recorded 


-in column 17, so the numerator of the equation for H, 
is computed by subtracting each term of column 17 
from the corresponding term of column 35. The nu- 
merical work is checked by subtracting the sum of 
column 17 from the sum of column 35. 4H, is then 
computed by dividing each term in column 36 by C. 
The top figure of column 35 should be equal to the 
top figure of column 17 and the top figure of column 
36, should be zero. 

Table 7.—Computations for M,—M, is computed 
from the formula, 


ff, 








ENG SYA nga ek 
ete Bo sa eS sa 


For convenience the values of A are copied in column 
38 from column 11. Columns 39 and 40 are computed 
by summing up column 38 in the same way as previ- 
ously explained for other similar columns. Columns 
41, 42 and 43 are computed as indicated by the head- 
ings and no further explanation is necessary. MM, 1s 
computed in column 44 by adding the corresponding 
members of columns 41 and 42 and subtracting the 


M, for a uni 
load at pomt 1 is always numerically equal to ie and 


the numerical work in computing column 44 may be 
checked from the totals of columns 41, 42 and 43. 

Tables 8, 9, and 10. Computations for moments at 
points 2, 11 and 0’.—Having determined the values of 
H,, V,, and M,, other points must now be selected for 
detailed examination as to stress conditions. In this 
case points 2 and 11 have been selected and point 0’ 
should always be included. Values of H,, V, and M, 
are copied in columns 46, 47 and 48. 

The bending moment at any point is computed from 
the formula 


Mo Me — 7 oil: 


For any particular point, z and y are constant and k 
depends on the position of the load. For point 2, 
z is equal to 3 and the value of y is taken from column 
12 of Table 2. 

Column 49 is computed by multiplying the values of 
V, in column 47 by z. This is done only for the points 
to the left of the one for which the moment is being 
computed because the formula m,=[V.z— (e-ky@ is 


o 


eC 


is greater than k. For the points 
to the right, m, is found by the formula m,= Vz oe 
Column 50 is computed by subtracting (2—k) from 
the values of V,z in column 49. For a unit load at 
point 1, V,z—(z—k) will be unity in all cases so its 
value is permanently printed in the tables. In column 
51, M, is computed for points 1 and 2 by multiplying 


used only where 




























































































































































































TABLE 8.—Computations for M2 TaBLE 9.—Computations for My, TaBLE 10.—Computations ae 
| | 
45 | 46 47 48 49 50 | 51 52 53 54 55 | 56 | 57 | 58 59 | 60 61 | 62 63 
eee th a — | 5, 
| | Point 2, z=3; y=7.10 | Point 11, z=21; y=19.92 Point 0’, z=40; y=5.00 
n | | 
ES 5 V M. | 
a | eal ail . pee 3 = 40 Vo— 
e | | Vo2 (—k) m2 | Aoy | Mo Voz (cH ™Mi1 Hoy Mi 40 Vo (40—k) Mo! Hoy M.‘ 
0 | | ce Weg . 
1 | 0.000 | 1.0000 |— 1.750 | 3.0000 | 1.0000 | 1.750 | 0.000 0.000 || 21.0000 1. 0000 1. 750 0. 000 0.000 || 40.0000 |+ 1.0000 |+ 1.750 0. 000 0. 000 
2 . 048 - 9980 |— 4. 300 2.9940 | 2.9940 | 5.240 | .341 + .599 || 20. 9580 2. 9580 5.176 .956 |— .080 |/ 39.9200 |+ 2.9200 |+ 5.110 .240 |+ + .570 
3 . 144 . 9921 |— 5.812 5. 209 | 1.022 |—1.625 || 20. 8341 4, 8341 8. 460 2.868 |— . 220 || 39.6840 |+ 4.6840 |+ 8.197 . 720 |+ 1.665 
4 . 285 . 9796 |— 6.210 5.143 | 2.024 |—3. 091 || 20.5716 6. 5716 11. 500 5.677 |— .387 || 39.1840 |-+ 6.1840 |+ 10. 822 1.425 |+ 3.187 
5 . 462 . 9569 |— 5, 481 5. 024 | 3,280 |—3. 737 || 20. 0949 8. 0949 14. 166 9, 203 |— .518 || 38.2760 |+ 7.2760 |+ 12. 733 2.310 |+ 4.942 
8 . 657 9213 |— 3.801 4,837 | 4.665 |—3. 629 || 19. 3473 9. 3473 16. 358 13. 087 |— .530 || 36.8520 |+ 7.8520 |+ 13. 741 3.285 |+ 6.655 
7 . 846 . 8708 |— 1.476 | 4,572 | 6.007 |—2. 911 || 18.2868 | 10. 2868 18. 002 16. 852 |— .326 || 34.8320 |+ 7.8320 |+ 13.706 4.230 |+ 8.000 
8 | 1.011 . 8066 |+ 1. 142 | 4,235 | 7.178 |—1. 801 || 16.9386 | 10. 9386 19. 143 20.139 |+ .146 || 32.2640 |+ 7.2640 + 12.712 5.055 |+ 8.799 
9} 1.186 | . 7805: |-F 3. 717 3.835 | 8.066 |— .514 |; 15.3405 | 11.3405 19. 846 22, 629 |-+ . 934 || 29. 2200 |+ 6.2200 |+ 10. 885 5.680 |+ 8.922 
10 | 1.207 | .6445 |+ 5.943 3.384 | 8.570 |+ .757 || 18.5345 | 11. 5345 20. 185 24.043 |+2. 085 || 25.7800 |+ 4.7800 |+ 8.365 6.035 |+ 8.273 
LISiete 218: . 5515 |+ 7.619 2.895 | 8.648 |-+1. 866 | 20. 268 24, 263 |+3. 624 || 22.0600 |4+ 3.0600 |+ 5.355 6.090 |+ 6.884 
12 | 1.165 - 4548 |+ 8.572 | 2.388 | 8.271 |+2. 689 16. 714 23.207 |+2.079 || 18.1920 |+ 1.1920 |+ 2.086 | 5.825 |+ 4. 833 
13 | 1.054 . 3586 |+ 8. 758 1.883 | 7.483 |+3. 158 13, 179 20.996 | + .941 || 14.3440 |— .6560 |— 1.148 5.270 |+ 2.340 
14 . 892 . 2671 |+ 8. 146 | 1. 402 | 6.333 |+3. 215 9. 816 17. 769 |+ .193 || 10.6840 |— 2.3160 |— 4.053 4.460 |— 367 
15 .696 | .1847 |+ 6.862 | - 970 | 4.942 |+2. 890 6. 788 13. 864 |— .214 7.3880 |— 3.6120 _— 6. 321 3.480 |— 2.939 
16 . 488 . 1153 |-+ 5.127 . 605 | 3.465 |+2. 267 4, 237 9.721 |— .357 4.6120 |— 4.3880 |— 7.679 2.440 |— 4.992 
17 . 296 . 0626 |+ 3.281 . 329 | 2.102 |+1. 508 2. 301 5.896 |— .314 2. 5040 |— 4.4960 |— 7.868 1.480 |— 6.067 
18 . 145 . 0276 |+ 1.683 . 145 | 1.030 |+ .798 1.014 2.888 |— .191 1.1040 |— 3.8960 |— 6.818 .725 |— 5.860 
19 | .049 0086 |+ . 587 | .045 | .348 |+ . 284 . 316 .976 |— .073 . 3440 |— 2.6560 |— 4. 648 245 |— 4.306 
20 | 0.000 | 0. 0000 0.000 0.000 | 0.0000 | 0.000 | 0.000 0. 000 0. 000 0. 0000 0. 00 0. 000 0. 000 0.0000 |— 1.0000 |— 1.750 0.000 |— 1.750 
0’ — | woe, ret a= lee Ea 
11. 799 10. 9311 |+32. 607 | op 53. 891 i893. 775 +2. 723 209. 219 | 235. 034 |+-6. 792 + 65.177 | 58.995 |+ 38.789 
Ses mi eee Ones, Oe eek a a2 iene J 
M=M,+m,—H.y For check: 
ay z>k | dx > Col. 48+ 5 Col. 51—2Z Col. 52=2 Col. 53. - 
es Ve (eg Ne. = Col. 48+2 Col. 56— 2 Col. 57== Col. 58. 
i > Col. 48+ Col. 61—= Col. 62=2 Col. 63. 
: dx : Calculation of dead load 
the figure in column 50 by 58 For the other points 
m,is computed by multiplying the value of V, in column Point | nds) | 150K(ds)| hy | 110 dz hy | TO 
dx. | 
AT DY 2a . : e 
2 Raa ten ea ts 14.05 | 2,105 17.1| 6,600 8, 700 
: pees =o, ND take Sines ee, SNe ee 10.20| 1,530 13.3), © 05,180 6, 660 
Hy is computed by multiplying the values of Hy in 3------ee rie erestt: rue ces Se 
column 46 by the value of y for the point under EEE 8.50 825 7.7 2,960 3, 780 
consideration. 4, in column 53 is computed by 62.2) 64 620 4.5| 1,730 2, 350 
adding .the corresponding terms in columns 48 and  {----------vt aue rs $4) hee 
51 and subtracting the corresponding term in column oe Re Pe 0 Lae 
52. The numerical work may be checked from the 3, 50 525 1.0 385 910 
totals of those columns. M, for a load at point 1 will an oe 4-8 orb He 
be zero in all cases because, for a unit load at point 1, 8.61 oa 4 540 1, 081 
. : dz . 4.07 610 2.9} 1,120 1, 730 
M, is equal — oy and m, is equal to + ce and H, is equal 4.66 700 43| 1660 2° 360 
ieee 
9. , 350 : , 270 16 
to zero. : - 202 ee ee ee 2 13. 35 2, 003 OR 4, 650 6, 653 
Tables 9 and 10 are compiled in exactly the same 


manner as Table8. Since M,’ should always be com- 
puted the numerical value of z is used in the column 
headings. 

Table 11. Computations for thrust, shears, and mo- 
ments due to dead load.—This table is filled out in the 
same manner as Table 8 of part 1. The values of H,, 
V,, M., Mz, Mi, and M,’ are copied from columns 37, 34, 
44, 53, 58, and 63 in columns 65 to 70. The weight of 
the dead load applied at each point is computed as 
shown below and tabulated in column 71. The weight 
of the concrete is assumed to be 150 pounds per cubic 
foot and the fill above the arch ring 110 pounds per 
cubic foot. The dead load applied at each point is 
therefore equal to 150 hds+110 h dx, in which f is the 
depth of the fill above the arch ring at each point and 
may be scaled from the drawing. Values of h.and ds 
are found in columns 2 and 10 of Table 1. After 
column 71 is filled out the table is completed by multi- 
plying the coefficients for a load of unity in the pre- 
ceding columns by the actual dead load in order to get 
the values in the remaining columns of the table. 




















Table 12. Computations for maximum stresses.—This . 
table is the same as Table 9 (pt. 1) for symmetrical 
arches and is filled out in the same way except for the 
differences in the formulas due to the lack of sym- 
metry. Column 78 is filled out as explained for column 
75 of the symmetrical arch forms. The dead load 
moments, thrusts, and shears are found in Table 11, 
and copied in the proper places in columns 80, 81, 
and 82. 

The live load has been assumed as 125 pounds per 
square foot which gives 125 dx =437.5 pounds per load 
point. Asin the case of the symmetrical arch we wish 
to find the maximum stress at each point and the stress 
is a function of the moment, thrust and shear and as 
has been pointed out it is not necessarily maximum at 
the same time that the moment is, but it is so nearly 
so that this is assumed to be the case. The maximum 
positive live load moment at poit 0 is found by 
multiplying the sum of all of the positive quantities in 
column 67 by 4387.5. The horizontal thrust which 








23 








TasLE 11.—Computations for H,, V., and M due to dead load 


































































































































































































| | 
64 65 66 | 67 68 69 | 70 71 72 73 74 75 | 76 ee 
| | | | 
Unit load Dead load | 
Points 7, 1B Uh, | 
HH Vo Mo M2 Mi | M.! A, Vo | Mo | M2 Mi | M’ | 
, | a | | | = | } 
1 0 1.0000 — 1.750 0 0 | 0 | 8, 700 0 8, 700 te 15, 225 0 0 | 0 
2 . 048 .9980 |\— 4.300 |+ .599|— .080|/+ .570 6, 660 320 6, 647 |— 28,638 + 3,989 |— 533 |+ 3,796 | 
3 . 144 -9921 |— 5.812 |— 1.625 |— .220\+ 1.665 5, 015 722 4,975 |— 29,147 |— 8,149 |— 1,103 |+ 8,350 | 
4 . 285 - 9796 es 6.210 |— 3.091 |— .387 |+ 3.187 3, 785 1, 079 3,708 |— 23,505 |— 11,699 |— 1,465 |+ 12,063 | 
5 - 462 -9569°"|— 5.481 |— 3.737 |— 518 |+ 4.942 2, 980 1,377 2,852 |— 16,333 |— 11,136 |— 1,544 |+ 14,727 | 
6 . 657 9213 |— 3.801 |— 3.629 |—  .-530 + 6.655 2, 350 1, 544 2,165 |— 8,932 |— 8,528 |— 1,246 |+ 15,639 
7 . 846 -8708 |— 1.476 |— 2.911 |— .3826 + 8.000 1, 900 1, 607 1,655 |— 2,804 |— 5,531 |— 619 |+ 15, 200 
8 1. 011 . 8066 a 7,142) \—" 280L - 2 146 | «8.799 1, 530 1, 547 1, 234 |4- 1,747 |— 2,756 |+ 223 |+ 18, 462 
9 1. 186 . 7305 | 3.717 |— .514 |+ .934 |+ 8.922 1, 245 1,414 909 |+ 4,628 |— 640 |+ 1,163 |+ 11,108 
10 1. 207 6445 + 5.943 4+ .757 |+ 2.085 |+ 8.273 1, 035 1, 249 667 lake 6, 151 |-+- 783 |+ 2,158 + 8,563 
ll 1. 218 .5515 |+ 7.619 |+ 1.866 |+ 3.624 |+ 6.884 910 1, 108 502 |+ 6,933 + 1,698 |+ 3,298 |+ 6, 264 
12 1.165 -4548 + 8.572 |+ 2.689 |+ 2.079 |+ 4.8383 910 1, 060 414 |+ 7,800 |+ 2,447 |+ 1,892 |+ 4,398 
13 1. 054 . 3586 |+ 8.758 |+ 3.158 |4+ .941 I+ 2.340 | 915 964 328 |+ 8,014 [+ 2,890 j4+- 861 |+ 2,141 
14 . 892 e2671 i- 8.146) \-- 8.205) |--"  . 1938) |— 867 | 1, 080 963 | 288 i+ 8,798 |+ 3,472 |+ 208 |— 396 
15 . 696 - 1847 |+- 6.862 |+ 2.890 |— .214 |— 2.939 | 1, 345 936 248 |+- 9,229 |+ 3,887 |— 288 |— 3, 953 
16 - 488 - 1153 |+- 5.127 |4- 2.267 |— .357 |— 4.992 | 1, 730 844 199 |+ 8,870 |+ 3,922 |— 618 |— 8, 636 
17 . 296 . 0626 |-+ 3.281 | 1.508 |— .314 '— 6.067 | 2, 360 699 148 |+ 7,743 |+ 3,559 |— 741 |\— 14,318 
18 . 145 0276 |+ 1.683 |+ .798 |— .191 |— 5.860 3, 245 471 90 Be 5, 461 |4+- 2,590 |— 620 |— 19,016 
19 . 049 -0086 + .587 |+ .284 |— .073 |— 4.306 4, 620 226 40 +f 2,712 |4- 1,312 |— 337 |— 19, 894 
20 0 0 0 0 0 = 1.750 | 6, 650 0 0 | 0 0 0 — 11,638 
| 11.799 | 10.9311 | 61. 437 | 20.031 |-- 10. 002 |-- 65. 070 | 58,965 | 18,130 35, 769. + 78, 086 | 30,549 [+ 9,803 | 115, 711 
— 28.830 |— 17.308 |— 3.210 — 26. 281 —124, 584 |— 48,439 |— 9,114 |— 77, 851 
= 46,498 |— 17,890 |-- 689 |+ 37,860 
TABLE 12.—Computations for wnit stresses 
78 79 80 81 82 83 | 84 85 86 87 88 | 89 90 91 92 93 
| | 
} Z ci | gated | ea: = 
Extrados | Intrados Maximum stresses 
| N h J P 
H M Ve Hoos¢ | Vsing N Fi M57 . = : Extrados Intrados 
| TagLE i RF Oo yal ean a ; 
| ail a = =a = 
~ —— = = al = —— nee | — — = 
4 D. L. !+ 18,130 |— 46,498 |+ 35, 769 |--- 9,953 |+ 29, 903 + 39,856 + 106 |— 280 |- 174 |+ 886 |— 174 Ls: 174 |+ 386 |+ 386 
Point 0 +C. L. L. |-+- + + + + | 
sin o=0.836. +U.L. L. 4+ 4,094 + 26,879 + 1,843 | 2,248 |+ 1,541 |-- 3,789 + 10+ 162 |+ 2. = 152)\4=" 172 = 152 
cos ¢=0.549. —C.L.L. + - + + 4+ — 
Area=377. —U.L.L. |+ 1,068 '— 12,613 ‘+ 2,940 |-+- 586 |+ 2,458 |+- 3,044 |-+- 8s — 76 |— 68 |+- 84 — 68 /+ 84 
hk +T. i+ 761 ies 11,335 |-- 55 | 418 46 |+ 464 | 1 4 68 |+ 69 i— 67 |+ «69 ee, bY 
a7 ~0- 00603. =T. — 1,014 '— 15,113 |—  73\|— 557|- G61i— 618l— 2 gi— 2+ 89 — 93 |+ 89 
Total excluding temperature stresses —= 242 
Total (+ 67 |— 335 |+ 559 |+ 167__ 
D. L. |+ 18,130 |— 17,890 |-+ 27,069 | 12,075 |+ 20, 193 | 32,268 | 110 |— 180 |— 70 |= 290 |— «70 |— +=«70\+ 290 |+ 290 
Point 2 +C.L. L. 4+ + + + + + 
sin #=0.746. 4+U.L. L. | 3,175 | 8,764 |+ 1,607 | 2,115 + 1,199 |+ 3,314 | 11 |4 88 |+ O9R\— Rete 99 = TT 
cos $=0.666. — One Let = 2 ~ + ee = | 
Area=293. —U.L.L. |+ 1,987 |— 7,572 |+ 2,738 | 1,323 |+ 2,043 + 3,366 lr 12 |— i6s\—= 64 \+- 88 | |— 64 |+ 88 
h +T. i+ 761 |+ 6,221 |+ 55 |e 507 |+- 41 + 548 |-- 2 I-F 62 |+ 64 |— 60 + 64] ==" 60 
97 ~0:01005. —T, |— 1,014 |— 8,297 |— 73 |— 675 |— 54l\— 729'— 3 |— 83 |— 86 + so’ ss |— _— 86 |+ 80] 
Total excluding temperature stresses | |— 134 
Total |+ 93 |— 220 |+ 458 |+ 153 
D. L. |-+ 18,130 |+ 689 |-+ 5694 18,112 {+ 26 | 18,138 [+ 113;+ 25 {+ 138 |+ 88 + 138) +138 )+ 88 ir 88 
Point 11 +C.L. L. + + ae Fe ae Ge | - " 
sin ¢=0.046. +U.L.L. + 3,361 | 4,376 |+ 356 + 3,358 |+ 16 + 3,374 |-+ 21 |+ 158 |+- 179 |— 137 |-- 179 — 137 
cos p=0.999. —C.L.L. |+ _ ae ne ne = | 
Area=161. —U.L.L. |-- 1,801 — 1,404 |+ 51 |- 1,799 |+ 2 Ir 1,801 | 11 j— 51 |— 40 |+ 62 | aaa 20\\( same Oe 
h +T. i+ 761 |— ‘1,803 |+ 55 |+ 760 |+ 3 [+ 763 |-- Ss \— 65 |-— 60 [+ 70 | Va 60 |+ 70 
570.0361. —T. |— 1,014 + 2,403 |— 73 |— 1,013 |— 3(= 1,016|— ¢6i|+ s7i- 8ij— 93+ 81) ie — 98 
Total excluding temperature stresses } j— 49 
Total (+ 308|+ 38|+ 220 |— 142 
D. L. |-+ 18,130 |+ 37, 860 |— 23,196 + 10,117 |+ 19, 253 | 29, 370 + 78 |+ 228 |+- 306 |— 150 [+ 306 /+ 306 /|— 150 |— 150 
Point 0’ +C.L. L. |-+ | + | tr ata + . ae a | 
sin ¢—0.830. +U. L. L. |--+ 4,039 |-4+ 28,468 |— 1,197 + 2,254 |+ 994 65 3, 248 [+ 9 + 172 |-- ied Wi 163 + 181 — 163 
cos $=0.558. —C.L.L. |+ — + | iT silat = : : cs | as 
Area=377. —U.L.L. | 1,123 |— 11,498 |— 2,771 + 627 |-+ 2,300 | 2,927 8 i— 69 |— 61 ate 77 ail = 61 jr 77 5 
h +T. |+- 761 |+ 11,380 |+ 55 |-+- 425 |— 46 [+ 379 + 1 69 |-+- 70 = OSi arene — 68 
57 ~ 0.00603. =T, \— 4,014 |— 15, 153 |— 73 \—- 566\+ Gli— 505\— i1\— g1/— 92] OO. Meee ia 80)| 
Total excluding temperature stresses |— 73 |— 313 
Total + 557 le 153 | 17 |— 381 
i a : es 1S * en = as ils J 
: N h 
N=H cos $+V sin @ ay eeioy 


‘occurs at the same time as this maximum moment is 
found by adding up the quantities in column 65 for the 
points which give a positive moment and multiplying 
the sum by 437.5 The vertical shear which occurs at 
the same time as the maximum moment Is found in the 
same way. The maximum negative moment and the 
‘thrust and shear which occur at the same time are 
found by placing loads at all of the points which give 
negative moments. These values are recorded in the 
proper places in Table 12. 


The live-load moments and thrusts at the other 
points are found in the same way. In determining 
the shear for the other points it should be remembered 
that V, in column 66 is the coefficient for the left re- 
action which is equal to the coefficient for the vertical 
shear at point 0, but not at other points if there are 
loads between the point where the shear is desired and 
the left reaction. If there are any loads to the left of 
the point under consideration, the shear is found by 
adding up the proper quantities in column 66 and then 
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subtracting 1.00 for each load to the left. The quan- 
tity thus obtained is multiplied by the live load per 
load point, as shown in the following computations: 


Live-load moments, thrusts, and shears 


Live load=125 pounds per square foot. 
=125X3.5=437.5 pounds per load point 


Point 0: 
ote M = 437-561 .437 Sie enn wate ce ee es oeean aw s6e eee See ee eee ee 26, 879 
H=437;5¢ (0.357 =) geek ee ee ee ee eee 4,094 
V=43 75X62) 9 = ee ee oe eee ae. ee 1, 843 
MS 43 7TD 6285830 = Ae ee ee eee ee ee oe eee ee 12, 613 
EE =SS SAD AA ee ea ee Te ee a ee eee 1, 068 
P= 287258 710 = ee ee ee eee pep S Seen bee 2, 940 

Point 2: 
Fe = 437.5620 ,081 = ee hee Shee oe es eee ee ey ae 8, 764 


TE ABT TOK G (ae 0 a a aoe ie ee i ee een ee ee 
Visas To XG B78 = 100) a oe ree ee ee ee ie 
a EAR BT O08 ee a soe ee eae Se ee ee en ee ee ae eee 


Ye RE Ripe aie See eee en eed ae ey A eae 1, 987 
Wado TONG DiS eee so a ot eee ae Oe ee ee 2, 738 

Point 11: 
=f eh ST O00 8 Ales fen ee te See oases SE eee ee ee eee 4,376 


EES AST LO XG, THORS S eae = ae ee Oe te a eee RE a AS Oe i a oe 


V=437. (6: SLS— 3.0) = Sone ee oe ee ee ee 356 
=I = 437-5 8 2IOS 2 oe ee oa ee se a ee Ee ee eee 1, 404 
P= 43 0D XA Gar ee ere ae eee ee ae ee ee 1, 801 
Vi= 43 7D XCT a Oe oe oe ae ak ee en ee ee 51 


Point 0’: 


SAAB 5 SLB OT se eter ee eee ee a a TD 28, 468 
T= AS) SC 0-033 <a NE ra ge ey Be Sele PE 4, 039 
V=437 5X LO D6b = 18 0) eo ek et ee ae eae 1,197 

PANE AS7. BSI D8 = ee Pre Sate ne anes a aE ee ee 11, 498 
= 437602: DOG eo eee ea ee as sack Se ek Se 1,123 
VAST S(OLCGG sz TO) ee Eo ear en EN 2,771 


These moments, thrusts, and shears are tabulated in 
the proper places in columns 80, 81, and 82. 
The values of V, are found from the equation 


2r G 
el Thee 
V.= ca 
LE 


In substituting in this equation, e, the coefficient of 
expansion of the concrete, is assumed to be 0.000006. 
E, the modulus of elasticity of the concrete, is taken as 
2,000,000 pounds per square inch or 288,000,000 
pounds per square foot, and ¢ has been assumed as 
+30° F. and —40° F. These values with other values 
already determined when substituted in the equation 
give values of V, as +55 and —73. 

The formula for H, given on page 95 reduces to 


7 — VB +34,560t_ +761 
C is 


The values of V, and H, are the same for every point. 
~ Mis different for every point and substitution in the 
formula on page 95 gives the following: 

For point 0, 


dxDzA 


ZyA_+11,335 
eas a z 


USAG gon iolds 





awed 


For point 2, 


de +6,221 
Min= Myot 3Veq —T1Hi= _ 9’597 
For point 11, 


Miu= Whee eP4h| Aves ar 19.92H ,= 


+2,403 

For point 0’, 
Paes 7d py, 115380 
Mes = Minot 40V 5 SHe= 15 153 


Table 12 is completed in the same manner as the 
similar table for the symmetrical arch. 

Stresses in steel and concrete.—As in the example for 
the symmetrical arch, the maximum stresses in Table 
12 should be examined to determine if the tensile 


strength of the concrete will be exceeded. In the 
present example the tension in the concrete at the 
extrados at point 0 is 335 pounds per square inch, the 
concrete will crack and the tension must be taken by 
the steel. The stresses should therefore be computed — 
in accordance with the theory of flexure and direct 
stress. The calculations for point 0 differ from those 
given in the example for a symmetrical arch as there is 
reinforcement in both the top and bottom of the arch 
ring. In this case the diagrams on page 399 to 402 of 
Hool and Johnson’s Concrete Engineers’ Handbook are 
used and it will be assumed that the reader is familiar 
with these diagrams and the theory related to them. 
It should be noted that x, and ¢ in Hool and Johnson’s 
diagrams are the same as wu and hf in this article. 

The following calculations are made to determine the ~ 
stress in steel and concrete at point 0. The worst 
condition at point 0 is caused by a negative moment due 
to dead load, maximum negative moment due to 
live load, and a negative moment due to a fall of 
temperature. 











M, N 
Di lesoe  ae — 46, 498 + 39, 856 
eg Wed BD cn RE a —12.613 +3, 044 
oo (CL Eye a 2a ee a ple = 615 
— 74, 224 +42, 282 
(pn e ee TO tee tricity of thrust 
= 749999 — — 1-76 feet, eccentricity of thrust. 
foe =0.70 feet (value of =? in Hool and Johnson). 
Gis Ln 068 { (d’=distance from center of steel 
haba ae | to surface of concrete). 
2X .5625 
Sak VETS VEER .0031 per cent steel. 


From the diagram on page 399 of Hool and Johnson 
(for d’=0.05t in which t is the same as h) with P,= 


0.0031 and ; =0.70, k is equal to 0.310, and from 
diagram on page 400 (for d’ =0.10¢), k is equal to 0.300. 


d 
As 7 8 0.068 we should use a value of k between the 
two or bout 0.305. 


The diagram on page 402 is for =0.10. 


v 


To use the diagram for o- 0.05, P, should be divided — 


by 0.790 according to instructions below the diagram. 


As the value of . in this case is 0.068 we should 


divide P, by about 0.84, which gives a value of P= 
0.0037 for use with the diagram. Using a value of P, 


=0.0037 and k=0.305 we find from the diagram that | 


Then substituting in the equation given 


L=0.0900. 
iM i95¢74094 
by Hool and Johnson, t:— 7587 0.0000 12) 130)amm 


916 pounds per square inch, and fo= ntl fa 1)= 





28 - 
15x 916( sacag = 1) = 28,300 pounds per square inch. 


Stresses are computed at all points where Table 12 
indicates that the concrete will crack and if necessary 


the design of the arch ring is revised. Usually a slight — a 


modification is sufficient to keep within the limits of 
the specifications. Bote 


O 





ake , o F J n i 


48 


a | 
a a 
fee pret 






































= 
. 
a 
7 
. 
- 
‘ 
= 
. SOF 12 
He 

+ - 
: give 

. : 

2 
“ any 
Lae 
. 
, 
ie; 
» ; 4 






































r 
‘ § . z sy 
PA ‘ FY bp Sy . z 


